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The most basic axiom in the measurement of income ineguality is that of
anonymity or symmetry. A&11 of the common measures of inequality take this point
of view. Such an éxiom necessarily implies the irrelevance of group membership,
On an ethical hasis it is difficult to fault the index makers for their devotion
to this principle. Re that as it may, both the historical and political
analysis of income equity issues are often couched in terms not of individuals
but of groups identified as heing rich or poor. Whatever cur ethics might
argue, there seems to be a natural tendency to discuss the issues of income
equality in terms of units far larger thén the individual.l 1In many cases this
concern with groups is justified by the peculiar history of a particular segment
of society. For example where discrimination against a group has been rampant
one might be concerned with erasing the effects of that discrimination
regardless of the implications for overall inequality. Me explicitly rule out
such situations here. Rather for the purposes of this paper the single
important normative issue is assumed to be the overall degree of inequality as
measured under the axiom of anonymity.

Even where the primarg interest is the overa}i level of inequality there is
a strong tendency in practice to use greub statistics. This approach usually
assumes that narrowing of mean differences hetween groups represents a gain in
equity. We will call this general notion the mean-convergence approach.

As a general proposition, the statement that a reduction in mean differ-
ences between groups implies an imorovement in social welfare or equity is
indefensible, For example, in a recent note 719227 we have shown that for the
United States the ongoing convergence of Southern family incomes fto those of the
non-South has had no significant effect on the overall level of inequality as
measured by the Gini coefficient. Moreover, if that tendency toward convergence

continues to the point of egqual mean incomes it will actually produce a stight



increase in national inequality as wmeasured by the Gini coefficient., The
explanation for this result is not difficult to appreciate. 8ringing the group
meéns closer together involves -not only a redistribution to the lower tail of
the poorer group, but also a redistribution to the upper tail of that group.
The Gini index is quite sensitive to the upper tail as well as the lower one,
[f the poorer group has a much more unequa% distribution than the richer group
these shenanigans in the upper tail may actually lead to a rise in the overall
index even before the more unequal, and poorer group has caught up with the
richer one,

Clearly then in some cases there exists a potential conflict between the
ethics of inequality indexes and the mean éonvergence approach. 0One possible -
way to deal with such a conflict is to constrain the measure of inequality in a
manner which rationalizes an emphasis on mean convergeﬁce. Such an approach
produges an ad hoc system of ethica§ judgments that is difficult to defend.

The alternative developed here is to derive the inter-qroup statistics
appropriate to given ethical judgments concerning inequality. Thus the basic

purnoses of this paper are tn exdlore the circumstances under which an emphasis

on reducing differences in mean incomes between groups is consistent with the

anonymity orinciple, to develop a notion of optimal convergence for those

situations where it is not, and to use that notion in defining a new measure of

a group's ahility to pay.

In the next section we formalize the notion of optimal convergence.
Section I1II goes non to demonstrate for a broad class of inequality indexes
necessary and sufficient conditions under which convergence in inter-group
means leads *to a reduction in genera

1 inequality. The fourth section then uses

the notion of optimal convergence to derive analytical results for many common
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masures of inequality. This section also contains an empirical exercise based

on the income distributions of the Southern United States and the rest of the
country, The fifth sectinn qoes on to discuss the iﬁp]icatéans of these

results, deriving a measure of a aroup's ahility to pay.

IT. 0Notimal Convergence

Consider the following situation., & given population of N individuals is
divided into two arbitrary groups of individuals. FGroup A, consisting of Np
people, has mean income pp. froup R consists of Np people having a mean income
of ug. -fur basic interest concerns mking welfare judgments about the changes
in inequality produced by the convergence of these two mean incomes. To keep
mtters simle assume that total income isrhe1d constant and thus any change in
‘mean incomes is achieved by a transfer between the two groups.

At this point we face a major guestion: what assunnt?nn to mke about how
a transfer is coT]e;ted in the donor group and how it is distributed in the
recipient group. Me call this mechanism an incremental distrihution rule, At
a highly general lével such a rule is defined as follows:

Incremental Nistributinon Puyle. Let T be a transfer of income from aroup B to

group A, Then the incremental distrihution rule H specifies two vector valued

differential functions ha and hg such that

hy (ya) > 0
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where ya = (Ya1 seees YQNA) is the vector of incomes in group A and

¥ = {ygy s...» Ygy ) 15 the vector of incomes in aroup 8.
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Note there is the implicit condition on the above definition that for each grouﬁ

the sum of the elements in the vector derivative must be one in absolute value.

Moreover we explicitly limit consideration to H's such that incomes of all

individuals in a group change in the same dirsction.

Obviously 1if one could choose any H at will, there would be little reason

to identify the groups at all and the entire issue of inter-group transfers

could be reduced to optimizing inter-individual transfers. Quite clearly our

problem only becomes interesting when there .exist constraints on what can be

done as among menbers of a group. In any given situation this is fundamentally

an empirical issue. The range of possibilities is infinite. Both transfers

and taxes can take on either a progressive, proportional, or regressive form.

In what follows, results will be presented at several levels of generality.

At

the most general level, we require, as stated above, én}y that the incomes of

all merbers in a group mve in the same diraction.

is the family of H's with the following form:

-« - a
Yy, = iZAll__ i=1,Na
iy,
(1) 8
98' _-Uni?” j=1,Ng
I Ylygy)®

Somewhat more restrictive

This family allows a wide range of alternative rules depending on the values of

the parameters 4 and g.

et

transfer has a proportiorai arfect, f 2 <1.0a

this third case if 4 is zero a trarsfer [axes a
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1.0 a tax is progressive {regressive), Within this

If « > 1.0 & transfer is regressive.

transfer is progressive.

capita form.

If = 1.0a

In

Clearly for g > (<)

famly we will pay
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particular attention to the case where ¢ = 8 = 1.0 and that where o = 8 = 0.0,
i.e., the case when a transfer or a tax is proportional and that when both are
per capita. The first suggests itself on the grounds that incremental shares
in many cases are likely to follow original shares; the second, hecause of
simplicity.?

WYe can now define what we mean by optimal convergence:

Optimal Convergence, For two groups of individuals characterized by initial

0 ] . . . . . .
income vectors yp and yg, given inequality measure [ and an incremental distri-
. . * . ' . .
bution rule H, optimal convergence occurs at T if [ for the entire population

of N individuals achieves a minimum with respect to T at T~

In this definition a positive value for T* implies that up to that point transfer
from‘B to A reduces inéquality, Qh%le any larger transfer under rule H will
increase inequality. On the other hand a negative value of T* tells us that to
reduce inequality we must transfer some income fromrA to 8.

The notion of optimal convergence specifically allows for the possibility
that inequality for the union of the twof groups may not be minimized when two
means are equal, Where this is the case some inequality in mean incomes he%és
to minimize the overall inequality in the system, In any event the point of
optimal con?ergence clearly demarcates the range of mean incomes for which
transfers from B to A are desirable from that for which transfers from A to B
‘are desirable,

Obviously the optimal convergence transfer ™ will depend on the thfee
factors mentioned in its definition: the shapes of the initial distributions,
the inequality index and the incremental distribution rule, In the next
section we take a hroad class of inequality indexes and demonstrate that for

this class the optimal convergence noint must lie within a well-defined range
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' o o ' '
determined by yp, yg and H. This range will always include the point of equal

mean income.

ITI. Conditions on the Underlying Distributions

Inequality indexes generally are derived from more basic ethical axioms
about measuring ineguality of social weﬂfare. As already noted, thevmost common
of these axioms 1is that of anonymity or symmetry with respect to individuals.

A second particularly powerfu] axiom is the Pigou-Dalton principleﬁ a transfer
from a richer to avpoorér individual shou?d reduce inequality. As made clear
in the work of Atkinson [19707, and that of Dasgupta, Sen and Starrett [1973]
the bhasic Pigou-ﬂa]ton principle is broadly equivalent to the notion that given
two‘distributions having the same mean, one should always prefer one of them to
the other if its Lorenz curve everywhere dominates the other. 0Of course
neither principle tells us how to rank distributions whose Lorenz curves Cross,
or what i§ equivalent, distributions that cannot be obtained from one another by
a set of Pigou-Nalton transfers. Indeed when two lorenz curves Cross, we know
that there will be two indexes which rank them differently while ranking all
Lorenz dominant pairs the same. |

1f then we 1imit ocurselves to the c}asé of inequality measures that are
Pi90u-na1ton we can draw heavily on the work of Atkinson [19707, and that of
Nasgupta, Sen and Starrett [19737, to delineate the range of the optimal transfer,

T* from aroup B to group A. We can immediately state a trivial proposition:

_ . 0
Proposition 1. fGiven two grnups A and B, with initial income vectors yp and

T

0 0 0 .
yg, such that yp; < yp; for all ieA and jeR then for any Pigou-Nalton I and
any H satisfying (1), T* > 0.

The proof of Proposition 1 is trivial and will not be given here., Quite simply
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the groups don't overlan and hence any redistribution hetween them nmust he
equivalent to a set of Pigou-Nalton transfers from richer to poorer Deople.3

Starting from Pronosition 1 it should he c?éar that if werintroduce a
slight overlap hetween twn groups we nust still be on safe ground. For
example, if the richest mermher of one group is just a little richer than the
poorest merher of the other group, an inter-g#oup transfor would still hreak
down into a set of Pigou-Nalton transfers., How far can this overlap go and
still keep us on safe oround with respect to all the indexes inrour group?
The answer depends on which specific incremental distribution rule we have.

Refore we state the next proposition, it will be useful to have the

following definition:

Cumulative Transfer (Tax) share, For a rule H and an income vector Yp we

define the cumilative transfer share for those with incomes below the scalar

y* as

Z{:y!k’y*) = ) } v j-

The function Z tells us for any ryle H what proportion of an infinitesiml
transfer to A will accrue to remhers of group A with incones bhelow y* and what
proportion of the corresponding infinitesiml tax applied to groun B wi}} be
raised from menhers of that group with incomes below y*, The following
proposition states cond%ticns under which income transfer from group B to-A
reduces inequality and those under which a transfer in the reverse direction
reduces inequality.

Proposition IT. If for the initial income vectors yi and y%

(?a)  Z(y3,v*) > Z(y:,y*) for all y=



A
with strict inequality for at least onne y* then for any Pigou-Nalton I, T* ¢ N,

Alternatively if
(26)  7{yn,¥™) < 7{yR,y*) for all y*

with strict inequality for at least one y* then for any Pigou-Dalton I, T* ¢ 0,
If neither (2a) nor (?h) holds then there exist two Pigou-Nalton indexes, Iy and

I» such that
To* < 0 < Tqy*,

The proof of Proposition 1T rests directly on Nasgupter, Sen and Starrett
[107237.4 e myst simply show that the condition {2a} or {?b) quarantees the
existence of a Lorenz dominant relation hetween the hefore and after-transfer
distribution of the eﬁtire ponulatinn of M individuals. Thé absence of such
dominance clearly imlies the existence of two Pigou-Nalton indexes that conflict
in their rankinas. That condition (2a} or (2h) implies Lorenz dominance for
very smll discrete transfers is ohvious once we realize that such transfers do
not alter the rankings of individuals in the total population.

Now consider the rpre specific family of H's defined in (1'). In this case

condition (2a) in Proposition II becores

8
% A % RLE

-a a B
b YAy L YBj

for all y* with strict inequality for at least one y*, and simlarly for condi-

tion [(?h), Wnrking then to even mre specific and perhaps more intuitive cases,
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let us set o« = g = N, This is the case of per capita incremental distrihution
rule. Here we ohtain the following corollary:

Corollary Ila. For two groups A and B with cumulative income distributions Fp

and Fg, if
(2"y  Faly™) (:) Fry™)

with strict inequality for at least one y*, S,then»for the per capita distribu-

tion rule

>

™

O.

for all Pigon-Nalton 1. 1If neither of the ahove conditions (2") holds, there

are two Pigou-Nalton indexes 1; and I, such that To* < 0< Ty*.

[t is easy to show that condition {2") is a specific case of condition (2')
with @ = g = 0. In this case the condition simply states that as we come up the
incore ladder we always have 3 hﬁqher {or lower) proportion of people in group A
below us. A&n intuitive interpretation of this corollary can be given in the case
where Ny is equal to Np. Here the condition (2") is equivalent to stating that
Yri € Yp; where 1 refers to the ith richest person in the particular group,
i=1 ,..., Np = NB‘ In this case the Pigou-Dalton nature of the transfers is
ohvious.

Cleary the condition §tated fn corollary Ila will be neither sufficient nor
necessahy in the case where the incremental distribution rule is proportional
rather than per capita i.e. o = 8 = 1. Here inforéatien about ranking of

individuals in the group is insufficient to determine the outcome of a transfer
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between the groups. fne also requires information ahout the distance separating
the income levels. That is, we need informtion about income shares. This re-
sult is clear in Corrollary I1h,

Corollary ITb. For two grouns A and B with cumulative income shares Sp and Sg

between the groups. One also requires information about the

: .2 I Aj
where sal(y*)mediny
Naua

" and simlarily for Sp, if

ZARR SA(Y*P:) ,QR{V*) for all y*

with strict inequality for at least one y*, then for a proportional

distribution rule

ey

T N

()

for all Pigou-Nalton I, If neither of the above conditions {2''') holds there

are two Pigou-Nalton indexes I; and I2 such To* < N ¢ Ty*.

Again it ié clear that Corollary IIb is a straightforward inference of
Proposition II. Cfondition (2''") is condition (2') with ¢ = g = 1.0,
Proposition II and its corollaries underscore the basic conflict between the
mean convergence approach and that of anonymous inequality measures. Clearly
under the per capita and the proportional incremental distribution rules mean

convergence does not imply an unamhiguous reduction of inequality as nmeasured
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by the set of Pigou-Nalton indexes. Indeed we can state this result nore
generally for all incremental distribution rules which satisfy the inequality.

conditions of equation (1).

Corollary Ilc: There is no incremental distribution rule H, satisfying (1)

for which g > pg imlies T > 0 for all Pigou-Nalton inequality indexes.

The proof of this corollary is quite simple, requiring only the existence of a
counter example., Suppose simply that the poorest person in the,total population
is in group B. Ry Proposition II it is clear that in this case T* for some I
will be less than zero. 1In term of the hefore and after transfer Lorenz Curves
for the entire popu?atioﬁ, the very lowest portion of the latter curve must lie
BeTow the very lowest portion of the former in this counter example.

Hence, amng the set of Pigou-Nalton inequality measures there is only a weak
c0nnéction between mean convergence and a reduction in overall inequality. Under
these circumstances it is natural to explore constraints on the set of indexes
and incremental distribution rules which might guarantee less ambiguous results.
Nn the other hand, if such constraints seem too restrictive it rmmy be useful to
explore in mre detail alternatives to mean convergencé. The next section lays

the basis for such an exercise.

IV. Nptimal Convergence and Specific Inequality Measures

A discussion of the conditions under which various indexes of inequality
my bhe reduced by an inter-group transfer is ultimstely dependent on the deriva-
tion of the optiml converqénce points under different indexes and incremental
rules. Tabhle T presents in summery form first order conditions for minimizing
several commn measures of ineguality under hoth per canita and proportional

incremental distribution rules. & Starting with the per capita incremental
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4

scheme, only the variance (V) and the {square 5f the) coefficient of variation
(V*) are minimized at the point of egual means. For all the other measures,
additional information about the intra-group distributions is generally required
to find the minimum of total inequality.

Most of the resulting rules have straightforward interpretations. For
example, the Gini coefficient (&), is particularly sensitive ﬁo people's rank in
the overall distribufion.' The effect of per capita transfers from one group to
another thus depends on the average rank of members in the two groups. As long
as one group has a higher average rank regardiess of its mean the Gini will
respond to a redistribution., It is easy to see that this point of equal average
ranks must occur in the range delimited by Corollary Ila, since first order
statistical dominance by either group would ne;essari1y imply a higher average
rank. The relative mean ahsolute deviation (N} presents a similar optimal
point. Here the issue is only the proportion of individuals in each group below
the mean income. When these proportions are equal optimal convergence is
achieved., This condition thus picks out one specific level of income, namely .,
to make the comparisons of condition (2"). If asked when a per éapita transfer
is appropriate this measure responds by looking at the value of the two
cumulative distributions at»the mean income of the entire population. A third
index with a rather surprisingly simple conditionAfor optimal convergence is
Theii‘s measure of entropy (7). Here, the message is to continue the per
capita redistribution until the geometric means of the two groups, u; and ;g are
equal. The Atkinson family of indexes (A} reach optimal convergence when the
{-e)-moment of the two groups are egual. This result has a pérticu}arly
straight-forward interpretation if one is willing to fo%fow Atkinson in

identifying inequality measures with sncial welfare functions, The Atkinson
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indexes are in fact derived from the additive separable social welfare

functions with the following form: \

where kj and k, are constants. In this situation the [-¢)-moment for groups A
% B are proportional to the average marginal utility of income in the two
groups respectively. Hence for a per capita'transfer and an additively separ-
able social welfare funétion equating the (-¢)-moment of the two groﬁps is
obviously the appropriate condition for optimal convergence. qu the éarti-
cular case where ¢ = 1 the condition simplifies to equating the average income
reciprocals.

A1l of the above‘indexes {other than V and V*) present optimal convergence
conditions that substitute an alternative income statistic for the mean income
when reaching a conclusion as to the desirébility of a transfer between groups.
Where V and V¥ impTicit1y analyze a transfér according to its effect on the
difference in group means, these other indexes are looking at alternative
measures which in one fashion or another involve highef moments of the fwo
group distributions. In any of these cases the optimal convergence point could
be on either side of the mean convergence point.

Not surprisingly the results presented for the proportional incremental
distribution rule are qﬂite different as to specifics. Here, the optimal
convergence points for V and V¥ are sensitive to higher moments of the
intra-group distribution while they hadn't been under the per capita tranéfer
scheme. 1In particular, optimal convergence now implies a higher mean for

whichever group has the lower inegquality as measured by V*. Now the optimal



-14-

convergeﬁce noints udder hoth & and D are influenced by income shares, where
previously they were only dependenf oﬁ ordinal aspects of the cumulative
distributions. - The index T has a Darticu]ériy straightforward trade-off bhotween
differences in group incomes and differences 1in intraégroup inequality as
measured by the entropy index applied to each group individually. As in the
case of V and Y* the optimal convergence condition for T also implies a higher
mean for the group with lower inequality. Similarly the variance of the
1ogarithms (L) has an optimal convergence point that is sensitive to intra-group
inequality. In this caﬁe, however, the ogtima} point gives a higher mean to the
group with more inequality as measured by {C). Hence a compensating notion is
apparant here,

In the proportional case the most interesting results are probably those
concerning the Atkinson family. Again there is a straightforward interpreta-
tion of the optimal convergence condition in terms of the marginal utility of
individual incomes.’ More importantly the optimal convergence cpnditisn as
stated in Tahle 1 provides a clear statement of trade-offs betweenrdifferences
in group means and differences in intra-group inequality. When ¢ < 1 optima)
convergence implies a higher mean income for the §roup with Tower inequality as
measured by the Atkinson index itself. Interestingly when ¢ > 1 the relation
reverses and the higher mean goes to the group with greater inequality. This
latter case of ¢ > 1 is a situation where the underlying index is particularly
sensitive to the 10wer-tai§ of the distribution. Raising the mean of the more
unequal group is then an attempt to guarantee that its lower tail doesn't extend
too far. This view of intergroup transfers is clearly a #ompensatory one as
opposed to that common to the variance, the coefficient of variation, Theil's
entropy and Atkinson's index itself when ¢ < 1.0. Not surprisingly when ¢ = 1,0

the index simply ignores intra-group inequality in fixing the optimal convergence
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point by equating pA to pRr.

The thenretical and ethical questions raised by these results are discussed
in nore detail in Section V., Refore turning to those questions it my be usefuyl
to provide an empirical illustration that develops the theme of the last two
sections. 1In this exercise we wi}lvonly consider the proportional increé&nta?
rule. Tt should be noted that for all the commn indexes in Table I except V,
such a transfer leaves intra-group inequality unaffected. The exercise uses 1879
data on the distribution of family income in the South and the rest of the United
States. In that year the mean jncome of Southern families was abhout 972% of the
mean income of non-Southern families. Rased on these'data and sinéle simulations
we can determine fthe range of optinal convergence for the Pigou-Dalton neasure§ as
specified by conditions 2''"', 'This range is shown in Figure I. For the class of
Pigou-Nalton measures optimel convergence of the Soufh and the North implies a
Southern mean income between 88% and 18% of the Northern rean.

In Figure I the Southern mean relative to the non-Southern mean for optiml
convergence is identified for each indeg.g The results here are clearly influ-
enced by the fact that regardless of the nmeasure uysed the South is the region with
greater inequality f(see Table I1). As pointed out previously indexes such as V,
v* énd T imly higher mans for lower inequality at optimsl convergence. Hence
these indexes sugqests an optimi uS/pN that stops short of full convergence. 0On
the other hand, an index such as L, that has a compensating notion, suggests an -
optimal pc/uy greater than one. This dichotomy is also apparent for the family of
Atkinson's indexes. Those with ¢ < 1 have the mean of South {the mre unequal
reaion) less than that of the non-South for optimal convergence. The reverse is
the case for indexes with ¢ > 1. 0Of course, the index {C), {&tkinson‘é index with

e = 1) gives an optiml convergence point right at the point of equal nmeans.



v, Ability to Pay and UWelfare

The discussion of optimal convergence in the last two sections suggests a
more formal statement of the mean-convergence approach. This view of inequality
can be described as a particular extension of the Pigou-Dalton condition to the
group 1evej. More formally an advocate of the mean-convergence approach might
justify that position by picking an inequality measure that meets the fo}jowing

.condition:

Group. Pigou-Nalton Condition, An index 1 is group Pigdu-Dalton if a transfer

from group B to group A reduces I whenever pg > up.

It should he clear that there is no Pigou-Dalton index which can meet this
condition for all incremental distribution rules. Even if we 1imit consideration
to only the proportional distribution rule, for example, we are left with just
one index in Table 1 that meets this condition, namely (C). This might suggest a
special position for this index, That position is cleaf1y related to the fact
that C has a straightforward disaggregaﬁion property.g Be that as it may, we
would suggest considerable caution before advocating the special attractiveness
of (C). Even assuming that for many practical situations the most likely
incremental distribution rule is a proportional one, the emphasis on mean group
income in the definition of the group Pigou-Dalton condition implies that
differences in intra-group distributions are irtezevant in determining need and
ability to pay. For the familiar individual version of the Pigou-Dalton
condition richer and pooref are intuitively defined. As soon as we move to
groups, the notion nf richer or poorer is far less clear. Fspecially where the
groups are somewhat arbitrary and the poor may be lumped together with the rich
for 1ittle good reason, it is hardly obvious that the mean income of the group is

an appropriate measure of its affluence or its ahility to pay. Why not the median
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income? Why not the minimum? [If the Pigou-Dalton notion is extended by a
definition of affluence other than the group mean, the set of inequality measures
meeting the new condition must necessarily be different,.

Using the notion of optimal convergence, we offer the following definition
of a group's ability to pay.

. o] O
Relative Ability to Pay: Given initial income vectors yp and yp an index I, and

an incremental distribution rule H, group B has a greater abhility to pav than
group A if T* > n,

Here we suggest that group B is better off than group A if a transfer to
group A from group R reéults fﬂ a reduction in overall inequality. If one takes
this approach then it would seem obvious to restrict one's selection of indexes
to those which satisfy the basic Pigou-Da?tos condition for individual transfers.
Beyond this point, however, one is free éo explore the iﬁplications of
alternative indexes in terms of their implicit definitions of groups' abilities-

vto pay. !Under a specific incremental distribution rule, some indexes rank groups
with high inequality as having greater need, while others tend to rank such
groups as having a higher ahility to pay. Indexes that concentrate on the lower
tajl of the distribution are particularly likely to view the wor}d in the former
manner, The eitreme example of this type of situatfon is the case of Atkinson's
index with a very large ¢ term. (Note that as e goes to infinity this index
approaches Rawls' criterion.} In common sense language these indexes are saying
that a higher level of inequality implies that a group has a reIative}y targer
share of the poor and hence is relatively needy. The other type of index (such
as Atkinsbn's indexes with ¢ < 1.0) just reverses the argument, A higher level

of inequality implies more rich people and hence a greater ability to pay.
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The suggestion that an inequality measure implies an ordinal ranking of
arhitrary groups naturally raises the question of how such a ranking relates to
those given by social welfare functions. Blackorby et al, [19787 has demonstra-

ted that for a broad class of inequality measures there are corresponding w2l

(0
-

. . . 1 . .
defined social welfare functions.!”? Thus if we take a particular zero homogenous

index 1 and an arbitrary division of a given population into two groups (A and B)

i

we immediately can apply the corresponding social welfare function W to th

o
(]

se two
groups. How will the ranking of Uy to Wy relate to the ranking suggested by the
notion of ability to pay stated above? In general there is no necessary
consistency between these alternative ranking schemes. In Rlackorby's approach

{ is equal to y - ul. Hence, when Wy is greater than W, a proportional transfer
from B to A which lowers the former and raises the latter wiil not necessarily
increase W {or reduce 1) for the entire grou#. The direction of movemen: in ¥
lepends’onEy on the ability to pay rankings suggested above. Also note in this
ituation up may be either greater or smaller than pp.

Hence there are three alternative group ranking schemes., First, comparing
roup means as suggested by the convergence approach. Second, focusing on notion
f ability to pay. Third, comparing the levels of social welfare achieved in the
roups. We have noted ahove that these three schemes are not in general
onsistant. To make these contrasts clearer take the example of the Atkinson
1dex with ¢ equal to 1/7 and consider the proportional distribution rule. If we
ike group means as the basis of a ranking then obviously B is better off than A
* up is greater than pp. If we apply a social welfare function to the two
‘oups separately, B is hetter off than A as long as p is greater than yu

1-14)/(1-1g). However, if we use B A our definition of ability to pav, group B

better off than A as long as ug is greater than u, *(1-Ig)/{1-15}. HMoreover
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when pp = pg USing separate social wel fare functions to rank A and B, Bris
ranked better if it has less inequality. However, if we use our ability to pay
principle, B is ranked better if it has more inequality, because then a transfer
comes from richer people.

Hence, where the primary concern of analysis or policy is the level of
inequality for a total population group data must be interpreted carefully.
Whatever their other implications may be, neither inter-group mean convergence
nor inter-group welfare convergence necessarily imply a reduction in inequality
for the entire popu1atidn. When the group mean incomes are approximately the
same a lower level of welfare and correspondingly a higher level of inequaiity
in one group implies (relatively) more of both the rich and the boor.in that
jroup. A transfer to that group aids not only the poor but also the rich,
short of changing the intra-group distribution rules this dilemma must be
*faced, Hopefully the definition of optimal coﬁvergence and the related notion
»f a group's ability to pay developed above help to clarify both the nature of
his dilemma and the trade-offs implicit in various indexes of inequa?ity. They
lo not sacrifice the range of ethical judgments to computational considerations.
‘ather they add an important dimension to those judgments by focusing on the
‘esponse of inequality indexes to censtraénéd inter-group transfers and
herefore help to clarify both the nature of this dilemma and the trade-offs

mplicit in various indexes of inequality.
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Footnotes

1.

™)
.

At the extreme, virtually no one questions the appropriateness of measuring
income inequality in terms of family units,vdespfte the fact that these
units undoubtedly distribute their effective purchasing power in very
different ways among their members. Virtually every poverty program
implicitly aggregates individuals by easily identifiable characteristics.
Even the negative income tax and related proposals have not suggested
looking inside the family unit to force redistribution at this most micro of
levels. fne way or another aggregation to the group level is implicit in
all of these. In many it is blatantly explicit. Programs for the economic
development of poorer regions are among the most obvious examples. While
various attempts have been made to put at least minimal conditions on the
distribution of the gains from such programs (minority hiring quotas for
construction projects, etc.), even these restriciions have generally been

couched in aggregative terms.

0f course the actual form of H is fundamentally an empirical issue. For a
given situation there may well be an H implied by the particulars at work.
For example, there is a widespread notion that a country's level of
inequality is related in an inverse U fashion to its level of per-capita
income, OFf course, where such a relation exists and is known, it would be

the prime candidate for consideration,

NDhviously in this situation the Lorenz curve moves up with T. Note that we

follow Nasqupta, Sen and Starrett (19737 in constructing a Lorenz curve by
plotting Lorenz points for each individual and connecting them by straight

lines.
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A formal proof of Proposition 2 is contained in Appendix A.

Faly*) is defined as the proportion of people in group A with incomes less
than or equal to y*. It should be noted that condition (2") is a condition of

first order stochastic dominance between the two group income distributions.

For each index we present in the Table a definition that is commonly used.
In Appendix B we give an alternative representation of such a definition,
where possible, in terms of the intra-group inequalities. It is the latter

form that we use to derive optimal convergence conditions stated in Table I.

In this case where transfers and taxes are proportional to income thesg
marginal utilities must be weighted by the intra-group incomes shares. It is
not difficult to show that the condition in Table I is equivalent to equating
1 B3, 3

(—=) ygi -

1 )
N £B MB

=y (== F to

Clearly this condition generalizes for the family of incremental distribution
rules determined by equation 1. For two rules witha andg the optimal

convergence point for an Atkinson index with parameter e 1is given

a B
YA . € YB3 )

ie A "k B
To get a better jdea of the degreerf sensitivity of the various indexes to

differefices in the relative means under the proportional shift, consult

Appendix C where full simulations are presented.

RN 0 IR M e
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This property has been extensively discussed by Shorrock [1980], Bourguignon
[1979] and Theil [1967]. The work of Blackorby et al. [1978] on consistency
is also closely reiated to this issue. Several of these authors have argued
that a disaggregation property is highly attractive in ite own rignt. The

following discussion suggests that the price of this disaggregation property

is quite high in terms of the restrictions it imposes on group rankings.

Note that the discussion by Blackory et al. [1978] is an extension of that

by Atkinson {}9703.
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Aopendix A
roof of Proposition Il
As stated in the text, the proof of Propos{tion I1 foilows from the results
stated by Dasqupta, Ser and Starrett [1973]. In particular, Dasgupta et al.
stated the eguivalence of the following two conditions for two income distribu-
0 O - - » . . 3 v -
tions yi,...,¥yN and yy ,..., yny ¢ [conditions (ii) and (iv) in their paper]
- . 0 0
Al Y1+ eee + YK 2 Y1 * e *yg, 311 k<
. . 0 0
at least one k) and yy + ...+ YN = Y] * ... * YN

N (with strict inequality for

and

A2 for any strict concave function U,

- - o] Q
Ulyy ) + «oo + Ulyn ) 2 Uly1l + ... + ULynd.

To prove Proposition II, we show first that condition (2a) is equivalent to
condition (A.1) for a range of 0 < T < T. Consider income vectors ya and yg and

0 o 0
the corresponding income vector for the total population y such that y = [ya, ypl.

0 0 o
Now order y such that y; < yp < ... < yN. Now choose income transfer T so that

0 0 . -
Y > Yo Yk > ypo o, K,aa=l,N,
where y, s the after transfer income of individual k.
In other words, T is chosen such that no individual's income ranking among
the population will be reversed. For such a T and any k < N by the mean value

theorem we know that there exists a position ( ) such that

X koo o o, . 0 O
Yoyi o=y yio+v [Zivasyk) + Zlygsydd o 7
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It is clear from the equation above that cbndi;ion (2a) is equivaient to
condition (A.1l) which is a statement that the after trarsfer distribution
y = [yA . yé ] is Lorenz superior to the before distribuﬁion y. Hence the
transfer T wiil reduce all Pigou-Daiton Indexes.

To prove the jast part of Proposition Il we simply draw on the equivalence
of condition (A.1) ahd (A.2) (implying the egquivalence of conditions (2a) and

(A-2)) and the existance of a correspondence between U and 1.
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Appendix B
Q Q
) Eﬁ VJZ 0 N (g - u)?
J=1 J=1 "N
Q 2 Q 2
R CN I AR N S CR R
J=1 " ¥ g

1+ %‘- L (y1+ 2vp % «on + Nyy)
NZ,

Y1>Y2>"‘>YN

1 o« -
oL L lyigeel

Wty e

¥y __\.}.HEJTJ;} S" _al.&l}og_iﬁu
J=1 ™ J=1 N H

Q Q R -
) ﬁﬁ Ly + 2 -ﬁﬁ (log 1y - log u)z
J=1 J=1 |

Q Q
}: —!\%}CJ‘%»Z ﬁd(}squ-logud)

J=1 J=1
Q l-e L
N
J=1 g :

where Q is the # of groups
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1.06
1.08
1.10
1.12
1.14
1.16
1.18
1.20
1.22
1.24
1.26
1.28
1.30
1.32
1.34
1.36
1.38
1.40

0.5069
0.5046
0.5027
0.5012
0.5000
0.4991
0.4986

0.4983

0.4934
0.4987
0.4993
0.50602
0.5013
0.5026
0.5042
0.5060
0.5080
0.5103
0.5127
0.5153
0.5181
0.5211
0.5242
0.5275
0.5308
0.5345
0.5383
0.5421
0.5461
0.5503
0.5545

.36827
.36742
. 36667
. 36602
. 36547
. 36501
. 36464
.36436
.36418
.36411
T30812
. 36423
. 36445
.36474
.36511
. 36553
. 36600
. 36652
. 36709
.36770
.36834
.36903
.36974
.37049
37127
.37207
.37290
.37376
.37464
. 37554
.37646
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Appendix C
D T
0.5181 -17.6562
0.5171 -17.6580
0.5162 -17.6580
0.5155 -17.6598
0.5149 -17.6598
0.5145 -17.6598
0.5142 -17.6598
0.513¢ -17.6615
0.5138 -17.6615
0,5137 -17.6615
0.5138 -17.6598
0.5139 -17.6598
0.5141 -17.6598
0.5143 -17.6598
0.5147 -17.6598
0.5151 -17.6598
0.5156 -17.6580
0.5161 -17.6580
0.5167 ~-17.6580
0.5173 -17.6562
0.5180 -17.6562
0.5188 -17.6544
0.5196 -17.6544
0.5204 -17.6526
0.5213 -17.6526
0.5223 -17.6508
0.5233 -17.6490
0.5243 -17.6490
0.5254 -17.6472
0,5265 -17.6455
0.5276 -17.6435

0.5884
0.5856
0.5832
0.5811
0.5793
0.5778
0.5765
0.5754

0.5745

0.5739
0.5735
0.5732

- 0.5731

0.5732
0.5735
0.5738
0.5744
0.5750
0.5758
0.5767
0.5777
0.5788
0.5800
0.5813
0.5827
0.5842
0.5857
0.5874
0.5891
0.5909
0.5827

e = .50

0.1132
0.1127
0.1124
0.1120
6.1118
0.1116
0.1114
0.1113
0.1112

2} 1“7

0.1112
0.1113
0.1113
0.1115
0.1116
0.1118
0.1120
0.1123
0.1126
0.1129
0.1132
0.1135
0.1139
0.1143
0.1147
0.1152
0.1156
0.1161
0.1166
0.1171
0.1176

e = .75

e

0.1699
0.1693
0.1687
0.1682
0.1678
0.1675
0.1672
0.1671
0.1669
01859,
0.16569
0.1609
0.1670
0.1672
0.1674
0.1676
0.1679
0.1682
0.1686
0.1690
0.1685
0.1699
0.1704
0.1710
0.1715
0.1721
0.1727
0.1734
0.1740
0.1747
0.1754
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Appendix C {cont.)
e=1 e = 1.50 £ =2.00 e =23.0 e =4.0 ¢ = 21.0

0.2572 C.3399 0.4482 0.6240 0.7308 0.9195
0.2561 0.3386 0.4466 0.6217 0.7283 0.9181

0.2551 0.3375 0.4452 0.6197 0.7260 0.9167
0.2543 0.3366 0.4439 0.6179 0.7238 0.9153
0.2536 0.3358  0.4428 0.6162 0.7218 0.9139
0.2530 0.3351 0.4418 0.6147 0.7200 0.9126
0.2526 0.3345 0.4410 0.6134 0.7183 0.9112
0.2522 0.3341 0.4403 0.6122 0.7168 0.9099
0.2520 0.3337 0.4338 0.6112 0.7154 0.9086
0.2518 0.3335 0.4393 0.6103 0.7142 0.9074
0,2518 0.3333 0.43590 0.6096 0.7131 . 0.9061

0.2518  0,3333  0.4388  0.6089  0.7121  0.9049
0.2520  0.3333  0.4387  0.6084  0.7113  0.9036
0.2522  0.333¢  0,4386  0.6080  0.7105  0.9024
0.2525  0.3336  0.4387  0.6077  0.7099  0.9013
0.2528  0.3338  0.4389  0.6075  0.7094  0.9001
0.2532  0.3342  0.4391  0.6074  0.7090  0.8990
0.2537  0.3346  0.4394  0,6073  0.7087  0.8979
0.2543  0.3350  0.4398  0.6074  0.7084  0.8968
0.2549  0.3355  0.4402  0.6075  0.7083  0.8958
0.2556  0.3361  0.4407  0.6078  Q.7082  0.8949
0.2563  0.3367  0.4413  0.6080  0.7083  0.8940
0.2570  0.3374  0.4419  0.6084  0.7083  0.8932
0.2579  0.3381 .4426  0.6088  0.7085  0.8925
0.2587  0.3389 .4434  0.6093  0.7087  0.8919
0.2596  0.3397 4441  0.6098  0.7090  0.8914
0.2606  0.3406 .4450  0.6104  0.7093  0.8911
0.2616  0.3414 .4458  0.6110  0.7097  0.8909
0.2626  0.3424 4467  0.6116  0.7102  0.8908
0.2637  0.3433 4477 0.6124  0.7107  0.8908
0.2648  0.3443 4487 0.6131  0.7112  0.8910

OCOOOOO OO
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{continued)

1 Conditions for Optimal Convergence linder
Per Capita and Proportional Distribution Rule
ex Per Capita Rule Proportional Rule
2
BUZIERNE ba = g ua(1+V7) = ug(1+V])
3 :
yi - o ¢ = (1+V7y = up(14V%
%( =) uh = ug up(1+V) = Mg {14V
Y ) R, = R 1y ypeRs = Y yp R
boMys - s Ry = Rg oo L Yainy T Yoitj
?‘I i ' HA e HBHR ng I
% Yolyi - wd Falu) = Fply) Salu) = Salu)
1‘
ii log &3 in = g Tog (Naua) + Tp = Tog(Ngug) + °
u
] ~ 2 1 1 IOQ B }. -~ ~
y(log y; - log i) — ) loa ypi — i) , up = op
Na 52a YA A g VA
1 1 logy 1
=5z . 109 ¥Bj voo - —o v
'R jER - YB‘} B JCB YBJ
'q 10g | L } }%r— ) — uA = ug
b H Np L. Ypi L Ve, =
A 1€A yﬁﬂ R ]ERVRJ
1 -
N 1 (li)l_e]I-g 1, vai-e 1 3VR§—E ph \ = {lu: —
A VI j Mp L0 Np &0 h -Apl=s (1-Ag }o=s
) A oiia R icg (1-Ap)+g R
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Table 1 {cont.)

C

V = variénce; V¥ o= square of the coefficient of variation;
G = Gini coefficient; D = relative mean absolute deviation;
T = Theil's Entropy; L = variance of the logarithms;
= The log of the ratio of the érithmatic mean to the geometric mean; and
A = Atkinson's Index.

[note: C is a specific A with ¢ = 1.0]

R; = ranking of individual 1 in either group A or group B in the overail

distribution, ﬁg = %r- Y Ry, and EB.: %T' ) Ry Falu) = WA (u
A ieA B jeB A
where NA(U) = # of persons in A with income equal to or below u, and
L oYAi
- YAigy

Salu) I ; similarily for Fg(u) and Sg(u)
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Table II Inequality Indexes - 1979
A
v G D T2 L €=.5 | €2.75 | €=1.0 | €=1.5 | €=2.0 | €=3.0 | €=4.0 | e=21.
u.s. 0.439 [ 0.365 | 0.514 | -17.66 | 0.578 | 0.112 | 0.167 of%f)sz 0.335 | 0.442 | 0.615 | 0.720 | 0.912
NON-SOUTH | 0.472 | 0.356 | 0.502 | -17.67 | 0.540 | 0.106 | 0.159 | 0.239 | 0.318 | 0.418 | 0.581 | 0.681 | 0.877
SOUTH ‘ 0.555 | 0.380 | 0.537 | -17.62 | 0.640 | 0.121 | 0.182 | 0.278 | 0.363 | 0.477 | 0.653 | 0.752 | 0.911

1
a. T ranges between log ; (<0) [complete equality] and 0

1.S. Bureau of the Census [19817] Current Population Reports, Consumer Income, Series P-60,
No. 129, November, Table 15 pp. 59-60.

Source:
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Range of Optimal Convergence for all Pigou-Dalton I
and Optimal Convergence Points for Various Indexes.

us|
Figure I M
8 -
-9l
oy, v
|
T
l
** G D
* A (e=.50)
* A (£=.75)
1.0 c
*
|
*. A (e=1.50)
Lo
I .
*_ A (e=2.0)
1.1
*_ A (e=3.0)
1.2+ A(e=4.0)

Range of

Nemde T =Y
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