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I look for a solution in'éﬁiich ) £ _aﬁd £y 'agr'e of the feedback
forme A Nash equlllbrlum is +then a solution in which
M2, B ami(f,, ) VE,

Let vimK, k) represent the maximum value that playver one can
attain when both players use feedback Nash strategies and the game
starts at time = with initial stock of knowledge (&pﬁ) : :

i (m, Ki;K') -—Maxf{Re‘“e A{Kj(t))}’{j(t} (1-e ik(Ki(t})Ki(t)U}
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ff nieans that plavyer two is choos:mg optimal feedback HNash
gtrategies. For (£4,£7) +to be a Nash equlllbrz.a 1t must satisfy
the following system of Bellman equations: :

Vit KK+ Max  [VE(t, Ky, R ri(t, K, Kp)
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with terminal conditions:
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Assuming interior solutions, the first order conditions will give
the following expression:
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With the aim of simplifying the calculations I will consider an
autonomous version of the Reinganum’s model; I take the limit when 7
tends to infinity and replace condition (29) for the follewing:

lim VE(T, K (T) , K, (7)) =lim R(1~e MEMIK(D ) o -MEAMI KT g
Tom $ Tee :

- In the autonomous case the Bellman equatlon is not a function of
tlme any more:
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When ¢ 1s egual to zero the solutlon of the Bellman equation is
given by the following expression'™

V(K K = (- )RG_T(K1+K)+R9 Y&y

For notational simplicity, I will rewrite equatlon (32) in a
general form and omit the arguments:

The reader must notice that all the terms in the last expression
are function of e . I remind the reader that at ¢ equal to zero,
the strategies are open loop, and that O =0 , I use these

8 76 find this solution T used the method of guess and
verifying.
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1. The leader always spends more.

2. Improvements in the state of knowledge of the rival have
positive effects on the leader spending.

3. From 1 follows that the leader has a higher ;wobablllty of
winning the race, however the follower does not abandon the race”

The . 1ast proposition illustrates the restrictiveness ”cf the
Fudenberg et.al. (1983) paper. Similarly teo them, advantages in
initial conditions matter. However, I get persistency of duopocly.
The second result is a consequence of the noncontractual cost
property (Lee and Wilde (1980)). Also, the new specification
allows us to make a more realistic study of the problem involved.
We could also solve for the social planner and the collusion case
and make efficiency comparisons. We may notice that the results
are consistent with those of section 2.3.1 and 2.2.

There is a final remark: Suppose we introduce in the model the
possibility of acquiring external technology complementary to the
R and D process with the property that allows firms to increase
discretely they level of knowledge at a fixed cost. Suppose alsc
that firms to exert this option only once in the race (i.e. we are
allowing for one jump in the state by paying a fixed cost), then
due to the concavity of the value function ( Vvi(x,k,e ) in its own
state variable, the follower has a higher incentive in making those
expenditures. This follows from the fact that the gains for the
follower are larger than those for the leader. Therefore, 1f we
allow for jumps in the state at fixed costs, and we start the race
with highly uneven levels in the state, the follower will have a
higher incentive to invest in the complementary technology'than the
leader.

% The value function of the follower for large differences in
the stock of knowledge is positive.
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By concavity of the téchnology the sign of = r'(c) _depemis.up_c:wr.ﬁT the
sign of the following expression: o I

(A (R(c))) (RI-R]) -1) A/ (cy)

The slope will be zero for R , such that:

: : iy 1
(zg) (RJ—RL)%AI(W}

Let R{(0) be the solution in (380 for the case in which ¢ is
equal to zero, then under our assumptions RI(0)>0 .

From (39) and by plugging R in the first order conditions (38) we
get claim 1: : ' '

- Claim 1: If for some osoie R{c)=R then FR'(c)=¢ and R=R(0) .

Proposition 7:(Beath, Ratsoulacos, Ulph (1988}
1) If R(0}<R_ then Vc;20, R(0)sR(c)I<R and R{cjr0 .
ii) If R(0)=R_ then V¥ c;20, Ric)=R and R'(c)=0 .

iii) If R(O)>E then Vcpo, R(0)2R(c)>R and R'c)<o .

The proof of the first part is simple, the other parts follow from
symmetric arguments. Suppose R(0)J<E but Fc¢, such that R(c)eR ,
by the last claim Rr(0)=F_which is a contradiction, hence R(c,)+*E .
At =0 R{0)}»0  and _mqﬁ-ﬁg) , because %<0 and RO

conseguently ®(0)>0 . Since R(0)>0 and R{c)#RYc; we have that
R(0)=R{c;}<RV¥c; . We alsc notice that as ¢, tends to =« the slope
of Rr(c,) tends to zere. U ' o ' S

Hence, under 1 in proposition 7 the thimal response function is
positively sloped tending asymptotically to ¢ as ¢, tends to o .

The comparison between R{(0) and R in determining the slope of
the response function highlights two important effects stressed by
Grossman and Shapiro (1987) (See alsc Katz and Shapiro (1987)) that
regulate the incentives to invest, the standalone effect and the
incentive to preempt. rR{¢} represents what firm i would invest
in R and D if the rival were investing o , this is the so called
standalone effect, it highlights the increase in profits that the
firm gets if it innovates. The term R , represents the incentive
to preempt, it depicts the difference between winning and loosing
the race. We note that F represents the amount of R and D that
firm i would do if the other firm would innovate in the next
ingtant of time for sure. In this incentive, it does not matter
what is the level of profits that the firm i is currently
enjoying, only the difference between winning and loosing matters.
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An 1mportant topic of discussion in the literature on technological
innovation is to analyze the different incentives that are faced by
a potential entrant into a market and a monopoly producing a
product that will ke substituted by the innovation. Arrow (1962)
argued that for drastic innovations? an incumbent monopolist would
have 1ess 1ncent1ve to lnvest than would have a new entrant.__f

To study this asymmetrlc model I use the last settlng,.let'ma
define as firm i +the monopolist and firm J the potential
entrant. :

As above, R denotes the flow of profits for the moncpoly before
innovation. R} represents the present value of profits that the
monopely has if it is the first firm in producing the innovation.
R} 1is egual to the present value of profits for the monopoly if
the rival innovates first. 8} denotes the present value of
profits for the newcomer if this firm innovates first. Rr/=r/=0 , the
newconer does not get any current profit and it does not get any
profit if it looses the race. The expenditures mnmade by the
monopolist are given by ¢, . Finally, ¢, denotes the expenditures
of the entrant. Ths expected profits for the monoyollst are equal
to the following expressxon° o

Alc) R +R(C)RL+R -cy

AR R ET

(a0) -VI(R;,R;,R;,C.i,r) =Max|[
. - ci .

The expected profits for the potential newcomer are:

o Alc;)Rl-c,
41 I e, )= g7 w3
(41) VI(R], Cy, ) ng[z%(cj) %(Ci)I

By using equation (38) for firm 7 under the assumption that firm
i does not produce anything:

(42} AM(RI(0)) (zRJ) +RI(0)A(RI(0)) -A(RT(0)) -

we also know that for firm i, & satisfies the following
eguation: : . S
45 S o — =R,
()-_ S MR T
By puttlng tagather the last two equatlons and rearranqlng¢

Since A (RI(0))< (?qg;) , the last expression implies that

% Those innovations that improves the competitive position of
the innovator in such a way that it becomes a de facto monopolist.
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current profits, the lower the incentive to invest by the monopely.
Since the newcomer does. not enjoy current profits it does not
suffer this negative  impact (see eguation . (47) }.. By using
equations (423 and (44) and assuming rrj-ri<zR} , we can notice
that the standalone effect is higher for the newcomer (i.e,
RI(0)>RI(0) }.. This latter result has been called the "replacement
effect”. Under this result, the entrant has a higher incentive to
invest. If the innovation is "drastic® so that  rf=0 and . RrR=rR] ,
then we can see in equations (46) and (47) that the entrant
invests more, the replacement effect dominates (Reinganum (1983))%,
on the other hand, Fudenberg and Tirole (1986) replace the
technology 4ite) by the technology it , then they take the limit
when y-= . This modification increlses the efficiency of the
technology of innovation and makes the monopolist more concerned
about the possibility of being preempted. The rival is going to
innovate with a very high probability in the next instant of time,
undey the assumption that the monopolist does not dissipate rents,
the efficiency effect dominates completely the replacement effect.

Proposition 8: In a patent race between an incumbent and a
newcomer, with assumptions 1.2.1-1.2.4, 1.2.6 and 1.2.8 from the
first section plus noncontractual costs, the effort made by the
- monopolist will be bigger than those of the newcomer if the
‘efficiency effect dominates the replacement effect, a sufficient
condition for this latter result are nondrastic inncvations and
very efficient technology of innovation.

3.2 DYNAMIC ASYMMETRIC MODELS

Although rich in their predictions and very useful, the last models
were static. Harris and Vickers (1985) study a duopoly mocdel in an
alternating framework. They assume perfect information, no
technical uncertainty and asymmetric incentives to do R and D. The
firms may differ in their initial distances from the finishing
line, their initial valuations of the prize, the efficiency of the
technology of R and D and thelr discount rates. The four factor
combine in the solution of the equilibrium strategies. One firm
may be very close to the end, however, if the rival puts a higher
prize in winning the race, the firm that was initially closer may
abandon the race.

In contrast with Fudenberg et.al. (1983), the model shows that

» This can alsoc be verified by locking at the standalone
effect and the preemptive effect. From equations (430 and (4s)
we notice that under these assumptions the preemptive effect is the
same for both firms. However, by differentiating equation (44) we
notice that -Q§§ﬁ<o, consequently the standalone effect is higherx
for the newcomer. Putting together the two effects the newcomer
will invest more in R and D as Reinganum (1982) shows.
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4 EFFICIENCY ANALYSIS.

In this section I discuss the efficient allocation of resources
from a social point of view and compare this allocation with the
market outcome. There are several interesting gquestions to answer:
The first one concerns the importance of the structure of costs in
comparing the social planner solution with the market outcome., A
second guestion concerns the degree of riskiness that the market
undertakes as compared to what it is socially desirable. Finally,
I address how restrictive is the assumption that precludes the
firms from undertaking more than one project. Sah and Stiglitsz
{1987) have argued that whenever firms undertake several parallel
independent projects aimed to the same innovation, there exists a
positive probability for two or more projects to be succesful® and
firms can perfectly prlce dlscrlmlnate, the market .outcome
coincides with the 5001a1 planner. . ' o

The result contrast highly with the popular belief that argues that
firms cannot internalize the effects of their decision in the whole
market, and therefore, Nash eguilibria in one shot games are
.inefficient”. The models in this section confirm in several ways
the presence of this externality, even the dynamic nmodels. I
.modlfy slightly the Sah and Stiglitz model by analyzing an economy
in which time matters together with the assumption that the first
innovator gets patent rights (a stochastic patent race). The
introduction of a continuous time setting precludes the possibility
that two projects are succesful. If firms are allowed to undertake
several projects in a game of timing, the level of effort chosen by
the firms is optimal, but the number of projects is not, showing
the inefficiency of the market outcone. _

It is important to peoint out that in all this section it is assumed
that the social planner runs several parallel independent projects
aimed to the same innovation, there are no spillovers from one
project to the other projects.  The literature makes this
assumption in order tc be able to compare the socially desirable
level of resources allocated to R and D with the level attained by
independent firms @ that maximize expected profits with no
spillovers. ' S o o

4.1 CONTRACTUAL COSTS.

Assumption 4.1.1: There is free'entry to the industry, firms will
come into the market until the level of expected profits are driven

% They study a race in a contest setting, the probability of
winning the contest is proportional to the amount allocated to R
and D. Similar models are those by Futia (1%80), Rogerson (1982).

7 see Tirole (1988)
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(48) owa__ BTA{CHY) 1 Sr
{(n¥A{c™+r)?2  A{c*) (n¥A{c¥)+r)?
the level of s . If the level of s changes, the social planner

will respond by changing the number of projects.

Now consider the market outcome. In this comparison assumption
4.,1.1 is instrumental. Under these circumstances, by setting
equation (39 (the preofit eguation in section 1.2} egual to zero,
and by using equation (4) (the first order condltlons for the
market) we get the follawmng result: '

naxr
Cl,

<A (el

according to the last eguation, o= is smaller than ¢* . Given
this result, it is interesting to see whether the market ylelds as
an outcome a higher or lower number of projects than the social
planner. If we compare equation (48) with eguation (4) and wve
use the fact that c"e™ we will se that »™z™ . The intuition
follows from the fact that firms do not care about the duplicity of

efforts. Therefore, they will spend more on R and D than the
level chosen by the social planner for the market structure given
by n* 2, (the number of firms chosen by the social planner). We

also know that o¢™%<¢¥ , by proposition one, the optimal response
function is negatively sloped in terms of the degree of rivalry
{(the number of firms). This can only happen if the number of
projects is larger in a competitive environment than in the social
planner case. Proposition 9 summarizes these findings:

Proposition 9: (Loury (1979)) If assumptions 1.2.1-1.2.7 and
assumptions 4.1.1~4.1.2 hold, the market outcome will give a larger
number of firms than the social planner, with each firm working at
a lower level of effort than the socially desirable level.

As Kamien and Schwartz have pointed out: "This result is

reminiscent of Chamberlin’s conclusion... free entry results in too
many suboptimal plants® (Kamien and Schwartz (1982)).

4.2 NONCONTRACTUAL COSTS.

in this case the social planner will maximize:

B j.e. c™(nMrcn®) .
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section 2.3.1 we can find in an analytical way the value function
and the policy functions of the social planner, then we can compare
this outcome with the market outcome. The comparison with the
market outcome w1ll yield the following propOSLtlon,

Proposition 11 (Judd 1986) In a dynamic setting with two firms and
assumptions 1.2.1, 1.2.2 and 1.2.7, guadratic costs in R and D, and
the postulate that r 1is small, the following resultls hold:

1) The market yields excessive effort 1n all projects compared
with the social planner, '

2} . The market glves exce531ve allocatlon to risky pro;ects..

The flrst canalu51on,emerqes because of the noncontractual §roperty
of the cost function in dynamic settings. The second result is
similar to Klette and De Meza (1986), Dasgupta and Maskin (1987)
and Bhattacharya and Mookherjee (1986} . It represents an
externality in the sense that the individual firm does not take
into account the benefits of the rival in allocating its resources
to the risky project. This fact makes her spend more 1n risky
projects than the socially d951rable level. : _

4.4 MULTIPLE PROJECTS AND MULTIPLE POSSIBLE
INNOVATORS |

Proposition 9 has been challenged by Sah and Stiglitz (1987) in a
slightly different setting. They argue that this model restricted
the choice of the firms to one project without justification. If
we do not do so, the market will yield the optimal number of
proiects and the level of expenditure per project will be set at
the socially efficient level. Further, this result will not be
affected by the number of firms. This striking result criticizes
the widely held view that there is an optimal number of firms such
that social welfare is maximized®. Under Sah and Stiglitz model,

the important variable is the total number of projects undertaken
by the market. When firms are allowed to take several prOJects,
Sah and Stiglitz argue that the decision that one firm makes in
undertaking the marginal project depends upon market parameters,
the size of the rewards, the technology, and the number of projects
undertaken by the market. If the marginal project yields positive
expected marginal benefits for the firm (taking intc account all
the other projects that the market undertakes), the firm will
invest in that project. It does not matter whether a lot of firms
or just very few firms are undertaking the other projects, what

3. See'Loury (18739) ; Lee_ahd Wwilde (1988);_DaSgu§ta_and
Stiglitz (1980) and Kamien and Schwartz (1982).
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Where & represents the size of the rewards. Taking the first
order conditicns, imposing the symmetry’conditions_and simplifying:
. R(lﬁp(c))ﬁk?pc=1_--' . .

R(1-p(c))¥ip=c

Wheré N is.thé number of firms. From the 1ast_equati¢ns we get
easiliy that pf(z} , 1.e. the level of resources allocated to each
project is efficient, in contrast with the results of section 4.1
and 4.2. R .

Alternatively, let usg analvze the social planner problenm. As
before, s represents social benefits. g represents the
agygregate probablllty of success. Social benefits may be written
as follows:. S _

W&Sg—Nkc

where g is egual to 1-(1-p(c))® , the first order conditions with
regpect to k and ¢ : :

S(1-ple) )N"“ D=1

. S(l_p(C’) )Nk—lpzc

If s=r then the social outcone and the market outcoma are. the same
The following proposition summarizes these findings:

Prop051t;on 12. {Sah and Stiglitz (1987)} With assumptmons 4.3.1 to
4.3.5, specially the possibility for two or more firms to 1nnovate
and Bertrand competition the following properties hold:

1. znhF level of effort for each firm is set at a level such that
JICE ST

2. The soc1al planner outcone corresponds to the market outcome if
ReS : _ .

The. ‘eritical assumption that dr;ves the second, result is the
statement that competition takes place in a contest getting in
which timing does not matter and more than cne project can be
succesful. If we consider stochastic patent races, with each firm
trylnq te finish in first position and get the patent rights
{(winner takes all), the Sah and Stiglitz proposition does not hold
any more. In this setting, firms will choose an efficient level of
expenditure, but the number of projects will exceed the social
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It is interesting to contrast the results of this proposition with
those of Sah and Stiglitz. I believe that it is more relevant to
model. R and D processes in a game of timing with the. winner
acquiring the rlqht to become a monopoly. In this sense Sah and
Stiglitz paper is less relevant. Nonetheless, the important result
of their paper is that regardless of the market structure, the
market. will always yleld the same number of .projects (the
invariance theorem), in the context of this model this holds only
wheneveyr we have a noncooperatlve Nash solution, Castafieda (1993)
shows that the invariance theorem does not hold when we pass from
one firm to two or more flrms, however it is wvalid every time we
compare two market structures in a noncooperatlve solution.

If the tlmlng of 1nnovat10n matters, the objeetlve of pOlle is to
qrant patent rlghts for a duration of +time that can reduce
expected profits in such a way as to reduce the number of projects
that flrms undertake® : : S _

.Flnally, 1t is 1nterest1ng to contrast the invariance theorem with
the previous belief about the relation between market structure and
innovation. The previous belief considered the number of firms as
an. important determinant of the incentives to 1mnovate, alsoc, the
expectations  of monopoly rents were considered as crucial for
undertaking R_and D. The_result of this model undermines the
structure of the market in a noncooperative environment as an
important variable for determining the level of R and D, but the
possibility of getting monopoly rents is still important.

*  Remember that we are assuming that social benefits are
egual to private benefits.
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{ ¢ preemption). An advantage on the initial level of knowledge
by any firm, no matter how small it is, will preclude the rival
from doing R and D right at the beginning. However, Lippman and
McCardle (1988) show that this result depends crucially on the
1m§llcxt assumption that allows firms to make a choice at each
moment in continuocus time. If we restrict the analysis to models
in which the decision period lasts for an amount of time 0 , the
result does not hold anymore. - L

On the other hand, if g(t) depends on the level of effort and the
allocations to R and D made by firms, and if we use asymptotic
technigues, the ¢ preemption result vanishes and we get the
persistence of competition even with large differences in initial
conditions. Furthermore, if we introduce complementary technology
that allows firms to make one jump in its state of knowledge at a
fizxed «cost, large initial  conditions differences  will be
ameliorated by the investment of the follower in the complementary
technology. The results dspend heavily on small effects of the
accumulated level of knowledge on the function g(t) .

- One of the 81mplest ways to introduce dynamics in patent races lS
.o study 'a two stage version of the noncontractual cost model
{Grossman and Shapiro (1987)}. Under the noncontractual cost
assumption, the model shows that the leader always spends more’

. that the intensity of rivalry is higher in the second stage, that
if the race becomes tied, both the leader and the follower speed
up. If costs are contractual, then the results change
. dramatically.

If we want to study more complex patent races we must resort to
perturbation methods {dudd (1986}), with these technxques we can
analyze multistage models with several projects that differ in risk
and the strategy spaces do not have to be restricitive. However,
we need to assume a small prize for the technigue to work . The
model allows us to see how the allocation to risky and nonrisky
projects varies when the conditions of the race change. It also
shows the excessive allocation to risky projects by the market, in
comparison with the socially desirable level. We have a better
perspective of the usefulness of perturbation methods when we see
that multistage versions of the noncontractual cost models (Harris
and Vickers (1987)) that do not use these approaches, do not yield
more qualltatlve results than those already ocbtained by the two
stage version (Grossman and Shapiroc (1987)}). :

In section 3 I studied asymmetrlc models. The interaction of the
wgtandalone® effect and the "preemption® effect affects the slmpe
of the response function and the optimal policy of taxation in

¥ This result was also obtained by Juéd (1991} and in section
2.3.2 in this paper.
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but also in some way of the level accumulated by Jj *. We should
also allow for correlation among projects undertaken inside the
firm.  This task appears analytically difficult.. However, I
believe that the use of asymptotic technigques in a framework
similar to Judd (1986} may be fruitful. '

3% 1t is important to point cut that spillovers in static
models can be easily captured in the profit function. However,
when we go into a dynamic setting it is more reasonable to

incorporate them in the technology of innovation, to see how they
affect the dynamics of the game.
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