Centro de Estudios Economicos

El Colegio de Mexico, A.C.

Serie documentos de trabajo

ON UTILITARIANISM AND HORIZONTAL EQUITY:
WHEN IS THE EQUALITY OF INCOMES AS SUCH DESIRABLE?

JesUs Seade
University of Warwick and
El Colegio de México

DOCUMENTO DE TRABAJO

Nam. X - 1982



On Utilitarianism and Horizontal Equity: -

When is the equalitygof incomes /as such desirable?

Jeslis Seade
~ University of Warwick and
El Colegio-de México




1. Introduction

Tﬁe principle of horizontai equify,—that peoéle‘with équal (full)

: inéomes should be trééted aliké by'thevtaxﬁah, is wideiy fegafded in 
the traditional public-finance literatﬁ:e‘as one of thercentral gﬁiding
lighﬁs of good tax designm, "calléd for by thé §rinciple éf equai justibé
under the'law"r(Musgraﬁe {1976;'p.4)), Yet,;veryrlittle attention has

been given to the study'of this principle, in particular its necessity

or even admissibility within a more general welfare-theoretic framework.

The first question ﬁhét ariées‘is'th horizontal equify? Some
might answer that there ié soﬁething‘t§rbe gaid for the distribution of
welfére in the absence of tax, whose ranking ié ﬁo be preserved. 'Thisv
line of thouéht,would go aleﬁg hiétoric‘notions of justice and deéerts;
held by spmé economists and philoéophers (e.gi Nozicki buﬁrl'hope noﬁ
by too ﬁany; such a stand §eems, tq me;lérétuigous, unjustifiéd., Kelf
fare, or at any rate the bulk of formal ﬁelfare econoﬁics, has toréo:
withiactual allocations, Qith fen&-) resuits. Pérhaps chénges ih'theseﬂ
respits shouid in some cases be made to matter, ér comparisonsrwitﬁA
other groués or countries.r Bui I séé no reason why thercoméariscﬁ with
the "érimitive state# shcﬁldrbergivéﬁvé:central role in choosing policy..
Ali pofential distribﬁtions of incomé';nd of tax bgrdens should be: ;
treated symmetrically, jﬁstias p6ssibilitiés in the menu that they all
“are. Accordingly, if h&rizénta1 equi£f ié t& ariseiasidesirable, it
must be as a resuIt of othér'uhdeflying Eriteria which we éay agree

upon as constituting the social good.
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. This ﬁakes us to the second juétifiéation that has been éugéesged
for the princi?le of'hofizontal éqﬁity,'namely as a ;dnsequeﬁce bf»thé :
more widely accepted principleipf (concave) utiliéarianisa (Féldstein
(1976, p.82));'rather than:as'a primitive moral value in its owhrfiéht.
This implication is well-known tb_be‘inéorréCt if:not properiy qualifieé;
and indeed for applicatioﬁs{ It implicitly aééumeé idepticai tastes |
{pecople differ in income alone),énd ﬁo:e specifi&ally‘itrreQQi;es co#- ’
vexity of the set of possibilitiés, wh;¢h:dgés'fcllow from ﬁechhdlogié;l
convéxity cﬁly in a world ofvfirstfbe§£. -The latterApointbhas beéﬁ,'
recognized and illustrated by StiglitzAfl976" and morérrecéﬁtly by
Béléer and Sédka (1980)._who providé egéﬁpies ofbinccme?tai situatibné
with non-convexities (in tax-parameter sbéééﬁ)dwhéfé all téoreasilyfit
may be optimal to “convexify“'the'set éfr(expected) pﬁssibilitieé thfodgh
randomization of individual éutébmés or othérrﬁimilarly inequitable e
policies; This rejéction of the 1::r:§.1vxcivple'ir iﬁteﬁesting,és it ié,_does
not seem to me very persuasive;~however; Firstly, ;he horizontal-equity ;
discussion does not really’refer'tc the:tax-treatmeht of'identicél
people -a natural constraint oﬁ‘tax:sche@es would berthat such people .
be freated alike, if only as a condition for good decentializability—
but to that of different peoplé'withrequal incomés, The real questioﬁ
is whether their different preferences for‘different goods shodid in
themselves be grounds for differentialitax treaﬁmént. 'Secdndlyf thg
va;idity of the hérizontalfequ;ty pfinciple as such, or iﬁs basic relation--
shiprto other welfare-theoretic csnéeéts;:s;y torutilitériaﬁism, shoul& ,
not be made subordinatebtb'the‘todls avaiiable: it'shogld:be seﬁtled in
a first-best context,'as a‘diseussidn’cf éocial>views réther than' "

possibilities.
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The pufpoSe‘of this paéer is tb study ﬁhis relation; i}é; to search
for conditions that make uti;itarian optimization yield horizontal
équity. Véquivéléntiy, the ihquiry’is for condit;ons under whiéh {utilitar-
ian) welfare is,symmeﬁrié in individual incomés,_théﬁ is, conditions under
which income-eqﬁality amongst‘a (sﬁb-) group of consumer isrnot to be dis-

1/2/

turbed just in response to their‘heteroqeneity'in terms of preferences.

of coufse it wiil’comenas a surptise to ho-gne‘that when différehcés
in tastes are 522 assumedxaway, h§rizcntal eqﬁit? and utilitarianismv |
are generally incompatible. But the exerﬁise is of interest, werhope;'if
only to confirm this surmise, that is, to illustrate how very special
_requirements must be met for.it to be optimal (to a utilitarian) not to
treat (say tax}) different consumeﬁs différentiy, whether their ex—anﬁe”
bﬁdget Qets are the same ér not. Furthermore, it is not a-priori C}eér
whether horizontal equity will only “usuaily" failrto obtain uﬁdéﬁ |
uti;itarianism, or whether this will in fact be a géneric oc;urencé: we
shall seelthat the 1attérvis'not'thé case when "generic"” is §efined-iﬁiﬁ
thevspace of budgets for given ﬁrefeiéﬁges;rwhgféasbin tﬁe wider space
where preferences are allowed to vary‘alongsidg incomes; horizontai‘ff
equity does become the ﬁon—generic feature 6f optima one might héve

expected from the outset.

On the other hand, léoking‘fof'practicél:rather than foimél &otiva;‘
tions for the exercise, it may be uséfui to briﬁé'out the %;ﬁés of
conditions under which‘fedistribntion among ihcome—equals is to be
digpensed with in general, to help.our intﬁition on these questions.
Similarly, the no-taxation possibility wiil normally be a éentral one f

in what concerns the optimal tax-treatment across income-egquals,



possiﬁility around thch'thé>aésiredrreéistribution willrlie. ‘The
present form of anaiysis éan'then be used to deduce directiy thé_r
qualitdtive lookérof optimal p?icé §r tak schémes for given cases, which
is useful,fﬁ; anélytical results are other&ige hard té findrby,direét
consideratioﬁ of thé optimﬁbz/;, | | |

The remainde; cf the‘paper'is ofganized‘és follo&s. Aftéx arbrief
introduction of the model, section 3'defives cdnditiqns, for tﬁe générai
cése} under which horizontai equity fo;iéws from uﬁilitariéﬁism;r.rhesg
conditions are, h&wever, hard't§;inter§ret and not very useful in them- -
selves, but rather an input for the rest of the'papér. In sections 4 and
S'we accordingly s?ecialize consider#bl}}rinAtwé different %ayg that
vield more meaningful conditions. In thé former ;he:conditions obtained
refer fo the way'consumérkpreferences differ; without imposing any
restriction on the nature Oftthese pteferences (nor,'essentially;_on the
cérdinalization ;hosep by the goﬁérnment); these ccnditions dovnot seem‘
like naturally emerging'in applications, but are intuitivelyrﬁelling.ir
On the other hand the results in section;s refer es#entially to the
chosen cardinalization:'aﬁsuminé iscelastic utilities acrpsé commoditiés,r
with consumers'atiaching differéht weights to &ifférenﬁrgoéds {different
time—discounts,'say), social weights ¢'éré found:for individuai ﬁtilitie%r

in a welfare maximand I U under which horizontal equity prevéilé. -

Except in thé logarithmic case in:whiéhrthé weights that emerge seem
rather natural; the weiéhts:found are pfice4reiated (they cannot be
price-dependentrf;r a reéson ﬁo bé noﬁediiatéf} and so isbthe eventual
appropriateness of horizontal eQuity.v Conyersely itAiS'gﬁown‘that,’with-i

in the class of additively separable utility functions with consumers,;v

‘differing as indicated above, it is essentially for the légafithmic;éaéé
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alone (in fact the linear'eXPéndituré s?stem) fﬂat horizohtalrequity holds
and nqt exéeptioﬁally in terﬁs of budgets; pricééindependénfrweights'can
be found thch do the trick5 Lastly in‘section 6 these :esultsvare ugéd'
to find fhe optimal pattern qf Qealth taxes for a simple model of wealth—>
taxation, when weights adopted by'thé gb#ernment are arbitréry rather , |
than being those that would call féf #he horizontélly-équiﬁable absense

of such taxation.
2. The model

‘We consider an econoﬁy whdSe-individugl members are{rfd: simplicity,
described by a vector h (for ’household‘), whichris meant t§ capture -
whichever centraiAdifferencesrambng -consumersAa model is‘to ﬁoncentrate
~on —-in the‘éresent case it is tastes one has in mind for interpretation,
but the restriction is formally unnecessar? and h cduld jﬁst as wéil in-
clude Aa ’verticél’ trait such as ability. We assume VQ td be a con-

tinuous variable with convex support S;

Since"h incorporétes,all.forms:in which consumers differ, ﬁhey'
must otherwise have identical préferénces on tﬁe vector of consumption
goods 5; parameterized by h: ulx; g); i take this u( ; ) 't§ be smooth
in all its arguments; strictly concave and monotonic in x , and to
‘directly represent thercardinalizatidns of h-utilities chosen by:the
ngyernment {(utilitarian). ©On the other han@ I‘impose the convention - .

that, unlike their preferences, consumers' budget sets are all identical:

we want to see whether such egualization of incomes is optimal or not.

Budget sets being the same ¥ Q, utility maximization by consumers

.




requires that each h derives'no,less,utility from his own bundle 5(3}

than from the bundle chosen by other peoplé:vv
u(x(h) ; h) - u(x(h*) ; h) >0 - o

(¥h,h'€ S). This expression, as a function of ‘h', must accordingl§
-attain a minimum at Q; which under differentiability’of allocations
fjg) (easy to establish under linearity of the budget constraint) requires,

writing X for the gradient matrix (3 xi/ah,),
<1 o ‘ : J

u .x = o. .o @

Since X, must lie flat on the frontier of the budget set, (2} is clearly
no more than a'tangency requirement. This is surély in principle not

sufficient for individual maximization but I shall ignore this éoint::

- sufficiency is easy again under linearity, as one has in the full optimum.

As far as the produétion side of theianalysis is concérned, ail we
need to consider directly is the vector'of prices p, somehowvnormalized,
for the vector of goods in the econémy. VWe can ﬁfeét o] parametrically'
since only second-order changes of allocations need ﬁo berconsidered,ih

checking for cptimality: that is, small changes over small h-neighbourhoods.

3. Conditions for full eguity in the general case
. e . . .4/
For horizontal equity/first-best optimality, we require—

u T =p ¥ h, - 7 o / = . (3)7



-
(S

while from individual optimization (2) obtains. That is, the éuéstion
is when does independence of the gradient from h , in (3}, imply
independence from h ‘of total expenditure in consumptioh E}ﬁ' aé”

required by (2) under the substitution indicated by (3). Differentiating
e T R

_

v,uﬁ.%+u

h = 0. . I (4)

1%

From here, and'by strict concavity of u(.; h), we can solve for Eh—:

X =-u_ .u , o B : 7(5}

u .u_ .u., =0. ' B : (8

To simplify this expression we can proceéd inveither of two ways,
namely grouping the first and second or the second and third terms

together for manipulatiocn. tDoing the latter first, consider
u = ul(x; h) o ’ 7
X < = =2 7 , 4 - Ch
as an implicit function for x (in terms of thé left-side gradient), which

exists by concavitybof u(.; h). Differentiating it at constant gradient,

yields

(o]
1
=
IQJ
iR
+
[

(8)

|%
Qr
i=}

where the arguments kept constant are as indicated. Hence (6) becomes
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IX S , . : , o
2. | , - o : ' : (9)
3h : ‘ o A

u
X
substituting p for u .

This can be integrated as a function of h ‘alone, at constant gradient

which therefore appears in the constant of integration:
R x=k(u), o T o o ,»l - (10)

re-expressing the conditidp in a natural form: demands'by différent
people at the points where their gradients are the same must have the

~same total cost.

Alternatively, we first group together the first two terms of (6)
and noctice that their preoduct is proportionél to income derivatives of

demands for the different elements of x , namely:

5—5[, = nu. o.u_ . - ‘ (11)
B - -_ : : o
| L _ 1T 3 i
where b is income and n = A/ux.uxx'. u. {A = marginal utility of

income), which of course depends on x (or more precisely on piices and
income)} but is equal for all goods.éf From this expression and (6}, we

get

Ix ' .
Uyh 3b'expansion path for h =0 — (12)

Just ‘as u, is orthogonal to the constant-u surface through a point,

U is orthogonal to the constant-uh' surface, in x-space. Hence (12) says
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that the expansion path for each h, at his demands in the undistorted

equilibrium, lie on the constant—uh surface through that point. - That

is, with two goods x and v,

-

ay

dx (13)

- 9y
u ax uy/uxr (exp. path).

The requirement takes a simple form- ﬁorbthe géneral case; and it seems
to be amenable to interpretation, but I have not found it. In order to
transform these expressions intb @irectly'intérpretable assertioné on
utilities it is necessary to specialize. It may be noticed, howéver,
“that the right side of this expression relates to Ereferénces alone while

the left side depends critically on the u-cardinalization adopted;‘sb

that any small change in the latter will in all probability upset the
condition and make some redistribution away from eguality desirable.i This

"will hopefully come cut more clearly below.

I shall now explore, in the next two sections, the implications of
these conditions through two special cases, the first one mainly illustra-
tive and the second more relevant for applications, emphasizing respectively

the role of consumers' preferences and of the government's evaluation of

these preferences.

4. Cost-neutral differences amongst consumers

Let us consider for convenience, in this and the following sections,
the two-commocdity case, with goods x and vy and'prices p and q, and é_for

simplicity a scalar, h. Egquation (9) becomes
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p 3x/3h| + g 3y/ah] = 0. - - ‘ {14)
Coou o ,u u_,u ‘ ' 7 : ,

X Yy S 4
~ Now suppose that the two terms in this expression are not onlyv
equal to the negative of one another, but are functions of h alone,

That is, momentarily setting p =g =1 to simplify notati¢n,

L]

3x/3n| = -3y/3h] vh). : - sy

\

In this case we can integrate these two expressions separately, as

before at constant gradient:

x = ¥(h) + a(ux,uy): i
} (16)
Yy = ~¥th) + B{u_,u },
where ¥(h) = [/ V(h) dh . For each fixed h, this expression is -

invertible for the gradient if the corresponding Jacobian is non-
vanishing. But this is again ensured by concavity of u({+;h) :'wfiting

(16) in vector form

x = ¥(h) + afu ) -
= = =""x



and differentiating with respect to x , yields

so that &, is precisely u;i', and invertible. ' Hence, from-(lé),r

i —

"
[l

A{x = ¥Y(h) , v + ¥(h)); _
' 17y

B{x - ¥(h), v + ¥(h)),

[«
it

Lastly, integrability requires these expressions to be derivatives of

the same function. Hence,
u=ulx - ¥(h), v+ ¥(h) ' S . (18)

{plus a constant of integration' c(h) which does not matter in any way).
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Under these preferenceé, no distoriioﬂary taxatioﬁ éhouldvbe imposéd;
Notice that no restriction is placed on the natuié éf'thé préferénce map"
for'argiven consumer. The ré#triction pfimarily refersAtoAtﬁe way tgese
preferences-differ across consumers. A particular aspect ofrthe cardinal;
ization of utilities is not restricted eithér:‘any transform of the usﬁalr
tvpe G(u) is allowed (e.g. Cobb-Douglas vis-3-vis addilog utilities), the
same fpr all h, but not one of tﬁe type ﬁ(u,'h}, such a§.will be |

considered in the following section.

It is noi difficult tc see why thisrékample behaves rthey way it
does. Indiffereﬁce maps for different  h  are{ ﬁnder (18}, identicél up
to a shiftrqfvthe crigin along a -45o line. - Héncerwhen consumers face :
producers"prices; which is aéainka -45o line (by é = q),vtheir'&ifferént
pointé‘of tangency correspond to the same vaiue of ﬁ , the veryAéame |
éhifted indifference curve.. Furthermore their gradients are aiSc the same
at these points which is what métters, for distances among indifference
curves are not affected by maoves of the origin; ‘The full,optimuﬁ is
achieved at equal cost; no need for horizontally inequitable redistribution

arises.

Our use of prices p = g = 1 was for convehience only,rbgt tﬁe form -
of the no-taxation requirement ciearly depends'on this: intuitively, the
shifts of indifference ﬁaps discussed above would more generally have to:
be in the precise direction of equal costs §s>determined b? the gi#én
prices. This is easily checked revising the argument above:bW(h} must

enter (18) in value terms, i.e. as

.u=u(x‘\y/§' y+Y/C-Z)r . A , 7 (18’}

whete the conétants p.g are the values of the prices at the giveh equilibrium.
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5. Additive Separability: the allocation of h-weights to consumers

' There ié no_specia; réasonrto suppose consumers' choices to diffef,
in any given context,.iq the form just described. Let us now change
'pur approaéh and adopt from the outset a structure'of'preferedces ﬁhat
is commonly used, namely additive separability, and ﬁbreover assume that
consumers only differ in thé relativeAWeights tﬁey'give to the subuti;ity
functions to be added. That is,_ccnsumérs‘ preferences (thse cardiﬁalif

zation is yet to be finalized) can be bapture& by
ufx, y; h) = U(x) +hv(y) , - - a9

where h is by definition b/a from the apparently more general fb:m'

al + bv.

A particular example where horizontal-equity consideratiéns'are
frequentiy raised is the taxation ofrwealth or consumers' -savings: whether
intertemporal choices shoulé be basis for differeﬁtial tax'payments 6£ not.
On the other hand intertempbrairutilitiesfare for some reason oftén taken
to be additively separable. It ﬁhus seems natural ﬁo givé the -wealth-
formation and wealth-taxaticn ;nterpretation to the above specific
- structure, bearing in mind that only the ‘chbice',comgonént{of differgnces
in savings is being considered, to the neglect of aifferenées in

individual incomes and other important aspects of the problem. -

The government may wish to use (19} directly as its cardinalization

of preferences and according to it proceed to find the;optimal tax or



14,
_transfer policies. The same private preferences, however, could alternative-

ly be put as
qlx,y:h) = U /h+ V), | - a9

which 1§ just the p;evious index divided by h . It is cleér that, with
the first index;the optimum efféctsrtransfers of purchasing power up thev
scale of y—cqnsumption, aﬁ all,levelé, thusbfavouring relaﬁively light -
consumers of x ; the thrifty,asrit is given by‘U‘ = const., hv' =

conét. In sharp contrast, were the gofernmeﬁt toruse the Second'index,
(19'), the optimal distribution of real iﬁcoﬁe and of benefit wquid be
entirely the opposite, penélizingithe tﬁrifty. in both cases redis-

tribution flows monotonically up or down the‘séale,‘in opposite directions.

This wide difference inbthg natﬁre of the'optimum for :hevtwo indices,
considered is not surprisidg, for-‘productivity; of social utility (levei
rand margin) increases in h in the first case and decreases in the secondf
But there is no a-priocri reason why eithef of the two forms should bergsed:
a fundamental ambiguity immediately ari#es thch is not present‘whéh‘thé
difference among consumers has a phy#iéélrior“‘;eal'} meaning, éé the
wage or ‘ability' does in models of income taxation. Differences in =
tastes are trickier. Tﬁe qugstion.we noQ ask, in the COntext of thé
present exercise, is‘which is the h~factor ¢(h) bf'which we shquld héve
multiplied the first expression introduced abdve, instead of ﬁuliipiying
it by 1/h as we did, in order to render éptimal divergenées:fiom full
equality indentically zero.2f Thét-is, Qe wish té fiAd»the allocaticnr:
of weights that underliesrfull respect for the 'ﬁaturéi‘ stéie'of>affairs

among income-equals.
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Let us further assume, for the first exercise that follows;'(equai)"
iso-elastic sub-utility functions for the two'periods. So, (19} is

replaced by

ulx,yih) = ex- T/ (-y) + hemIyFTY/ -y) . 20

where y > O is the inverse of the {(constant) elésﬁicityrof substitutién

between x and y .

For this utility function, the two sides of (13) directly become,
respectively;
¢'X-YV

- ' o~ RN S e
(h ¢* + ¢y ' S

Using (3), namely ‘u, = p,or here

’¢,x = P h¢Y-Y= Q. | : : ‘ . ‘: ' o (3')
and after some manipuiations,‘(2l) bééoﬁes
~ers - 1/nf: ;R{lf*{}ﬁh'l,/f} . L = S
where R is tﬁe ?elétiVe price ‘q/p,‘;;p ;hé ihﬁer;émporal in;erpretation

the discount factor in production. ihtegrating {by change of variable:

1
h /Y = ), this finally yields

o) = x/(mt/Y 4 RLTYI/Y . o f ",’ ©(23)
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The constant of integration K is totally irrelevant and can be
set equal toc 1 , but ¢f course not so the cénstant R . That is,
for horizontal equity to prevail, a different welfare function must be

used for each set of relative prices.

But at the séme time the abovérweiéﬁting functibnvisrﬁpt allowed:
pricé-dependent transforms cf utility are nganérétian,gf hence incompatible
with our assumpticnrthroughout thét we wish to be utilitarian. The reéson
for this can best be séen looking at indiréct utilities fér consumérs:

v{p) and F({v(p),p) will éeheraily ﬁot corréspond'to tﬁe same préferences.
Intuitively, the same“allocaticﬁ,of physical éuantities but looked-at twiﬁe,
each time associated to a different price vectér, should be'coﬁsidered ,
equally good by a Paretian, but this will not be so under price-depéﬁdeht
transform§ of utilitiés. By continuity, an allocation which is'preferréd
by all consumers to ancother allocatioﬁ can, if each is pai;edAwith suitgbly
chosen'pricés, be deemed to be the socially inferior of thertwo. To recover
our claim to be utilitarians in the paper, we simp;y must reiﬁterprétrAR in
(23) as being a constant which at’thergiven equilibrium happeng to equal the
price ratio q/p,'bqt which stays put atrits "current” value if and when

prices themselves change. I thus dub these price-related as opposed to

Brice-depéndent welghts.

The above assignment of weighﬁs'is $ﬁrely speciai,ias‘any péiticular'
set of weights would be, but it is aiso pe;uliar, in'ﬁhat'it asksvus to
evaluate the distribuiion of consumptionrtaking data frcm the prqduétion‘
side §f the economy into account, instead qf having ;he iatter determining
the constrdint only. Or equivalently, é giéat-(ﬁon;generic) coiﬁcidenée‘

between certain sccial-preference-parameter and_producticn—data is required.
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It is immediately apparent, however, that there'is a special case where
this direct dependence on prices disappears: this is under Cobb-Douglas

preferences in (20), vy =1, for which (23) (setting K = 1) reduces to
o) = UAn+ 1). - L (24)

Hence the commonly uséd addilog utility functionrdoes yield ?horizontal
equity' under utilitarianism;whenrcohsumersvdiffer and their utilities are
weighed in the fotm indicated. Thié is, moréovei, the only member of the
isoel&stic family (20) thatrdoeé‘so indééenéently of~pfice$; But we do
have an interesting if special case of prefefenéésrfor which horizdntal

equity is a géneric property cf optima in the space of prices.

It is of interest to note that the last result above generalizés
considerably: the logarithmic case is (essentially) the only member of the -
much wider'additi&ely separable family (19) (weighed by some ¢{(h)) that

behaves in this form.
To show this, consider
ulx, ¥y h) = () UG +hem) viy) . (@5

We require that first-best gradient '

¢(h) U'(x) = p, hén) V'ly) = ¢ - (26)
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imply equal cost (px + qy) for all h :,'i.é.}

E(h. p, q) = p U‘—l( ) + g V'-l{g_) = constant, » o @2n
h¢ o : )

2
¢

but now we insist that this hold for all D, qv;. That is, in addition to

£h = 0, we{1mpose Ehp = th = 70.7 Hence,

where x{p,h) is defined by ¢(h) U'(x(p, h)) = p . This transforms into

_ 3 '
c = 3—6 [pxn(p, h)]
--,§_ D¢' U R ] .' : B : g
T E~$—6;f] (dlffer?ntiétlég (26a) w.r.t. h)
- _ 3 _ rg'@wn
3D o ] (by 26a)

{indicating chain rule)

¢! d (U!)z ‘
-~ EE" I {—5;——J (differentiating {26a) w.r.t. p).

9/

Hence, U(*) must be such that=
] 2 + ‘ . V 7 ' .
alwn/v}/ax = o , - . 29
which upon triple integration yields

U({x} = a logi{x - x) ',(30)
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(for some constants a; x), plus a third, irrelevant constant. A similar
analysié for y yields
Vly) = blogly -v). . : - (BoY

Hence the most general additively separable utility function of the form
(25) for which price-independent weights can be found such that thehoti-

zontal status qﬁo is optimal, is the linear expenditure System,

ulx, ys h) = ¢() [alogx - X +bhlogly -] , @D

which is rather restrictive.

The weights that dc the trick can be found proceeding'as we did for

10/

the isoelastic case; these'weights are—
$(h) = 1/(a +bh) . R (32)

"6, Optimal wealth-taxes for '‘normalized’ wéighting functions-

We noticgd in p.l3 above thaﬁrrathér'different patterns of optimalvl
redisﬁribuiion follow fréé using the ;ﬁdex‘ U+ hv - as oppésed to
.we;ghtingr this expression by 1/h to use U/h +V .  WeA1ater—féund the
particular weights that would yigld a ﬁon#rediétrihutive optiﬁum, nameiy
the price—dependentrfunctioh (23) * (for is;elastic underlyiﬂg éréférénces)..
But there is no compelling reascn wﬁy‘any of these,:or indeed ény othet
particular’weighting system should bé used: ;t ali depénds on the
governmeﬁt's views oﬁ whose consumption cohtributes ﬁostrto socialvutiiify

at the margin.
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Now let us suppose, merely for the sake of argument},that theAwéights

used are the simple ones given by (24) ,

6h) = 1/(h +1) ,

in which case some form of redistribution is generally in order. We wish
to find the qualitative pattern this redistribution will take when
effected, in a second—best,manher, through some combination of savings-

and poll-taxes and subsidies.

To motivate the exercise we offer two arguments. Firstly, that thé
qualitative looks of optimal nonlinear schedules ﬁsually are véry hard
to establish other than through numerical computation of solutions for 7
particular examples, so that alternative more di:ect argumenfs to deducé

such features are worth looking for.

Seéond, now on the assumption that it is precisely the weights (24)
that thergovernmentradopts, we noticé}that this weighting—function'has

the property that it makes total utilities be weighted averages of spot-.

utilities from the two pericds: the weights given to these add up to

“unity. This seems sensible in the absence of'reascnsAto the contrary.

We may think of this ¢(h) as a normalization factor, which somehow
offsets the unpalatable feature of U + hV (or U/h + V) of making High
"(low) h's produce more utility out of énz given pair (x, v) .' in

contrast, under

W= U/ AR+ R/, (33)

utility from a given pair (x, y) . increases with h (increasing preference
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for the future) if and only if this pair embbdies'more‘(diScountedj
future than present utility: hV > U . But of course we do not need to
push this too far: we use (24} as an example but the arguments below
can be adapted to*other'cardinaliZaticn and weighting systems the

government may wish to use.

Let'us supposeragain that éreferences are isogiastic; as in '{20};
so thatrnc diétortion would be iméoéedliggweighﬁé (23) Wéré‘those the
government wishédntd use. But it ;seébv(24) . Denote byr'wo(h)> the
sum of ﬁtility-weights for his ﬁwo periods an hfmaﬁ receives‘under
(23) ', namely |

wo(h),?; v(‘l + h)/(hl/Y +,R(l-Y)/Y)Y . B ‘(>34)

We ndﬁ proceedAag follb&sf 'Staft frbmAtheino;redistribﬁtion;x»
symmetri;-éélfare aliocatieq opﬁimél ﬁﬁder  (34) ,.as if theée were tﬁe
-total’wéightgi ge wisheé'to'give to pedple.‘ A;iAgradients'of incomee'vt;
equais $ré7in:ﬁhat cése identical;"ﬂpw éhahgé fhese total Qeights £or
theiritrue,yaiﬁéé undef‘thevQeightingééystem actuall?kadoptéd: unéer
the ‘nbfmalization;v (24},kthis is arcoﬁgtantxacross h V(the,vélue i
in éarti;ulaf,‘bﬁt that is irielé§ant);' Clearly, Séfdie adjuéting the -

"pudéétiéét,;énd.hen¢e deﬁandéAaécordingly} unweigﬁted marginal utilit%es

U ,_"v"(y")' have noﬁ, changed for any | h, and it follows that the

: égadientbfiééé (in b&th/componéétéﬁffor thosérQhose total weigﬁt un&er
75;f34)' was low, fdr these'weightS'éiirbecémé théiséme:néw.A Conversely,
f’;;éhQSE Qﬁo p:;viéﬁsly 'reqﬁired' a;relativelyvhighrweight to'berasﬂ
v f‘deSer§1n§'§érthé others,:néw:becohe léss deserving gradiént—wiée. BY

continuity, higher grédieﬁts_remain higher after some:(sufficiently small)
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adjustment towards the optimum has beeﬁ éérfdrmed. ;On the otﬁér’hand '
it can‘be'éhéwnrthat, as oné wéul&:expect;'oPiimélvrediétribuéicﬁ |
thréﬁgh marginal taxes fd;icws the»éradients closely: déservihgnéés -
gradient-wise is,desérvingnegé ﬁax4wise,Ténd'it followsil/:tﬁaﬁ the

value ofrconsumptiop is equndéd:(contractea) for'consumeré whoseréfadiénfsf'

‘are scaled up (down) by the withdrawal of relatively low (high)rweighting

factors. |

" Accordingly, what we need to do in order to find cut what the
,distribution of téxes is at the new optimal equilibrium,ris to determine
the shape of :wofh) . It is easy to see'that'
8wy, o (35)

]

sign  (dw®/dn) sign (R

where B = (1 - Y)/Y , and from here, ;hét'

Rsh  if y<1
dw < 7 E o S R
& T 0 és " . o » R 7 ‘(3637
R E-h if oy > 1

Therefore the allocation of total w
weights is as indicated in figure

1, perhaps with more bends than

v , , o v > 1
those shown but always strictly Y,
monotonic on either side of R, ' o
‘i.e. with a single stationary . = : L -
polnt at h = R , the value of SR U R

7 = ' : - : ' R ,
h of the person whose utility- - ° ‘ - - R - o h o

discount is the same as producers'. © Figure  1: ’distributionrqf'
o - ' v *total weights' for horizon- -
‘tally equitable optima.
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Hence; transferring resourCes from high'to'iow values of wo ,‘we
finally arrive at the budget sets of figure 72, where againAthe slope'bf
isocost lines is the inverse of the shadow discount factor and x and

y - present and future consumption {net  compounded savings).

Case (ii) in the figure, first, corresponds té y > 1 : élasticitf
- of substitution less than unity. Borrowing from studies in otherraréas,
of consumer choice amongst similarly ‘essential’ commedities or aggregates

(e.g. leisure/consumption), this may be

Y| _ ' Y

(1) /y > 1 ot i) 1y < 1

Figure 2: ‘'typical! wealth taxes under the weight—A~

. normalization (24) , for elasticity of substitution
(= 1/y) (i) greater than and (ii) less than one.

deemed as the empirically more interesting of the two cases. The budget-
set subsidizes savings at the margin from the bottom up to point 'P’ "
say through contributions to the retirement fund, after which taxes on

savings (net of the said contributions) are applied.



The consumer ieceivin@rthé largest'traﬁsfei’fof éé?iggiﬁhe leaét:
tax) is at P , -where all the bénefiis,frdm ldwer-ranges éubs;dies
have:been'recéiVedrand no (non—pc%l}rtax'is yet beinévpéid. Thislpoiﬁt»;i
clearly corresponds, as a firstiépproximaﬁion, to h =R . Tﬁév'bélanged'__
pattern of life-cyclerccnéuﬁptioﬁ,of thié person is re%érded’and; th#ouéﬁ‘
that reward, encouraged: moré peopigrwill cohsuse on the ;huﬁp’ éround‘ f
p undef this:bﬁdget set th&n would udder its lineafization th?oﬁgh‘thaﬁ

point.izf

in contrast, pért"(i) of the‘figgré peﬁalizés point"? Vmcsti
heéQily,‘induCing consumers in,séme fange around h =R id mo§é up of
down the sqéle, where mére gﬁbéidy ié received or'i§35'tak isbpéia,r
'resﬁectively. Thi; case eorreSPQnds to ‘high' substitﬁtability between
X and y .i'DeservingneSS doés'not;then have aisingle mékiﬁﬁm,’ésrw§uld
seem to be a sound feaﬁure to ekpect from Ior'iméosé on) policieé,;bugr
two: at the extreme values of h in therpbpulatioﬁ. With high éub— |
stitutability consumers ééemrto be»déing well, socially, by épécialiéing

their consumption.
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Footnotes

Revision of a paper presented at the Second Latin American Meeting of
the Econometric Society (LAMES 2, Rio de Janeiro, July 1981), I am
grateful to part1c1pants at this meeting and earlier seminars elsewhere,
for useful comments, in partxcular to my discussant Jim Mzrrlees as well
as Peter Hammond and Andreu Mas—ColeIl.

1/ Somewhat related in Splrlt ie Dixit and Seade (1979), in which rather
' than exploring the desirability of full egalitarianism in incomes
as I do here, we look at marginal movements in that direction starting
from any status-quo. Peter Hammond has also investigated the relation
between utalitarianism and  (vertical) egalitarianiem (in Hammond (1977))
as well as the implications of welfare-symmetry (in a forthcomzng book
on welfare theory), :

2/ The above is _z.conceptlon of the horzzontal-equlty problem, which I feel
is shared by most people in the profession, although precise statements
in this area are not very common., In particular, I am not adopting an
alternative definition of horizontal equity sometimes advanced, put in-
terms ofpreserving the ranking of utilities rather than that of real
expendlture power at producer prices. -

3/ An exercise along these lines is preseﬁted’iﬁ séc, 6 below.

4/ Or more preciselvyv',ux . Agz ,»Tbuf a copdition for ﬁptimalit§ isi
XE =XA¥h, 80 :hag-,(S) obtains by simple choice of nuﬁeraifé
units, All this, of course, for # utilitarian SWF,

5/ Or, rather, uT = 2? , to permit differentiation with respect to

_x (a column),-z-adoptlng the convention that differentiation of
“vectors (w.r. to scalars) preserves the arrangement and (of scalars)
w1th respect to vectors transposes 1t. :

6/ This is equation (12) in Brown and Deaton (1972).

7/  We are thus concentrating on a particular dimension of the choice of
cardinalization by the government: the additive structure of (19) is
preserved, to the exclusion of non~affine transforms of this express1on.

That is, the otherwise more general transformation G(u, h) is
restricted to the form ¢(h)u.

8/ 1 am grateful to Peter Hammgnd for drawing this point to my attention.
9/ A second solution of the previous equation is ¢' =0, but thie is
‘ruled out by the analysis to determine ¢ , below, where it implies

the spurious ¢ = 0 .

10/ Without loss of generallty we may relabel bh/a as b Valone, and
write (31) as » S :

u=¢(h) {log(x-% + h (logly -} o ¢G1)

with -¢(h) now given by (24): ¢(h) = 1/(h + 1)



11/

12/

For optima close enough to the undistorted state of affairs; further
away there may well be tax~reversals in some savxngs-ranges from
what these arguments predict.

We have not said anything about densities, however, Perhaps all h
lie entirely to the left of R , say (generalized impatience over
producers')., In that case all weight—adjustments would fall on a
monotonic branch of the corresponding curve in fig. 1, and the

budget set would accordxngly look like the portion to the right of p

‘in figure 2-i: savings are encouraged at all levels,

26
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