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tn this paner, ve extend the concnpt of productivity develoned in the contont
of simale nroduction, to the case of joind production, hm litionally, autnois
have requived hiz vector of sectorial net outhuls o Lo stii- pesitive. Vi
snovd, I the szcond section, thit this moy still leave Uwee types of
"Inner-unproductivities”. To eliminzte them, the aoproariate restriction is
that the invers2 o thc oty of not outputs should b2 semi- ;;omw“

It it s acknowdedyad  thal  nner-unproductivicies  ae socially
undesire Dle, we wonder i socicly hus sichaling dovicos that could reveal
thelr existencz and their locuiion.  In the third soction, we center our

ttendd of productivn aad labour values, and conclude that whne
the lateer une(guz\' cally detect two of the three types of inefficiencios thit
may occur, prices of production will nol dztect anv. This explaing our usad? of
the term  inner-unpreductivides:  they  charactorize  the  technology

indeoendently of distributional asoocts, and honce cannot be sion uSing
megnitiass maz:sur-ed viith prices. Ve alvo goneralize a result duz to Stamadis

noaative values being ca 1sad by the non-strict dominsnce ¢f
technologies. \"fe conclude, contrary to Stecdman (1977), that value
calculations are more useful than price calculations

To illustrate our ‘clucshn , e fmrtﬂ section presents three
numerical examples. The Tirst shows that, it 1ehour values are negs t1 , thore
are inner-unor uoucuvmes in production 8o that miore outpm can be obtainad
it the same tmount of labour. This anomaly is not dotected by the prices of
procuction or the profit rate since bota are positive. The second NUw ahle

N

{

S
the iact tnat, in simnle production, nogative 1anour vaiues chould not to
intercreted as an indication of a flaw in the Lehour Theory of Valuo (LTV)
]
is

L2
since ey can b2 traced back to a miispecificution of the techiologic:
maorin Ve think st the samse :.*ow nt aeplies to joing production, so it
incorract to interpret the necativity of lobour vaives as an indictment of the
LTV, The last snows that requiring the input coofficient matrix to be
-semi-positive is nol a necessary condition to obtain a positive vector of
nrices for a} ralves of the profit rate

Tha iftn sntmn presents a snolt summary of our conclusions.

, ——



Coneider a joint-production system with s processes and gooﬂd,
Senovacterized by the Tollow ing thiee coeairicient matrices:

-Athe 77w 7 malrix o produced means of
production (circulating canital only),

-3 Ve a1 vector of non-produced indut,

zn*i D the w0 oy maltrbeof gross produces.
We assume tha* Aand B are defined in ph vaical units, and 2 i homogeneous
units so that all three are semi-positive. 1T triad [ A, Z, B ] defines the
Leontieff technological possibility et of this cconoiny.

Call .
v the 1% /m vector of activity leve]sz,
N thoe mx # matrix of net products =D - A,
e. a Ixmvectorol 1's

and n the 1y s7 voctor of net products.

As should be obvious, the total amount of net output produced depends on the
level al vwiich eacn Ds OCCSS Lhairaies:

R=y.N - | (M
Call _

a=y. A
and z=v.Z

the amounts of means of production and non-produced input used to produce
the amount
. b= y :
of ¢ross output. The triad [ 2 ’] dzfines the state of the economy.
' Th‘, usual assumpiion gbout ‘ps"o':juctiveness'j is that positive amounts
of net output cra produced at unit jevels:

e.N>0 (2)

We assume this restriction to be true and prove it does not guarantee that the
ny \.wH m fas‘t be productive. To do so, take o1 to be the exogenous (

02t Wc and inauire about the cr-uv ity levels which are necessary 10

iain that mvel of 6. We assumie, (
s in e sense that N 1 existy 4

nrouchout the panee, tha
CEquation {1) can then be 50

>
he systein is
v

ed for vy,
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v = N (3)

We want to know by how much will the activity levels and resource
age have to vary to sustain a Jivrerent amount of output. 7o changs the
N L - . v b o o ey s N & ciA .».. P TN ~ s . . Foa b

Lo net output produced by di”, we need to change activity Tevels by:

gy =dn N (4)

Motice that, while ¢ may contain ncoative elements, they are bounded below
for eachy, since y = a7 > 0. Equation () can be rovrition as:

i J

dy, = 2. Ny, dn

7K y 1 (5)

5‘1{;, o (6)

: -1
Equation (6) allows us to interpret Ngk as the increase in the level of
activity of process K per unit increase in the net amount produced of good |
{when that is the only changelV/e con cimilarly calculate the changes in
intermediate inputs and total non-preduced input necessary for the chznge in
the torget level of net outpul. Since
O=§;LA=E§.N-§ A

and
we get:

da=dn A” | (7



with A and 2 © dofined by:

(‘;'?\
U

(9)

(10)

Notice that equations (7) and (8) are valid for any value of y and that they ccn

ba irewriten as:

2 = 2 Nk - ding

and
m 34
dz = 2 Zj. G
=1
Honce, '
A',‘/ = B’lb
Jt\ N
an;
]
end
Zi = 07
} - .
2n

(1)

(12)

(13)

(1h)
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Eauations (13) and (14) allow us to intorpret A]K and Zj as the

increasss in inpul Koand non-produced input necessary to produce a unit
' 2 I the net amount of good § (e zm wien that is the only chan
AR ,

considerad). The clements of N7F, AT and Z7can be seen as the variational

{

(1%

N
-

Iy Coctriciants since thoy whavs us the reguirad ci‘a"mi&a Ty Tl
usaye required LO Lring bout o chrage fnnot output Im ed we have gond 1reim
the S‘Eate (o, z,bltoanewstate [0, 2,0 Ldn =0 - a dl =2 -2 and

db = b’ - b summarize the changes that were neede d for dy to occur,

Ve will define an input to be piroductive iT and only 17 no less of it is
required to procuce miore net output. Similarly, a process will be productive
iff 1ts activity fevel has to not daerease winen an aticamt 1s made LO incircuse
nat output. Thercfore, If all inputs and all procesaes are productive A ,Zr_" and
YRREIY all three b2 sami-positive. On the othor hand, we will say Uit

“innar-uaproduccivities” exist if A 7 or W 'have negative elenicnents.
Hence, thare may be three sources of inner-unproductivitics in:

~the usage of the non-produced input ( 7} <0 for

soMae ).

-the usage of an intermediate good ( Ajk ¢« 0 for
some jor some k).

-or the activity levels of a process of production

-1
(Njk <0 for sorme | or some k).

We now come to the four results of this section.
ronnsitiond

The economy c"} produce posm\m amounts of net outputs and still have
inner-unproductivities.
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Obviously, N U7 or A7 could have negative elements and equation ()
still b2 fulfilleddd

1t N7 has negative elements, some levels of net output cannot be
reachad. - '

Even if dn > 0, dy = dn . N'l may have negative elements. But since
negative elements of dy are bounded below Tor cachy, not all values of di nor
of rida Can be reached.O] '

Bronosition {11

IfT there are inner-unproductivities in the system, 1t 1S possible to
obtain more net outout with smalter amounts of somg inputs ( but possibly
more of others ) withino chanea in tha fechnolncicn] nnul mix defined by
(A ZB1L

Undar which conditions can we Glmultzneomi rhave ¢a 2 0 on the onz
- hand, and dzy, <0, dz <O or dy) <0 on the other? Givea equations (9), (11) ’ud

mctlom re pairwise mutually compatible only when N° ! ’\ ,
ative clements.Od

t”u

(u,, these res

or 7 fiave ngg

This result is not o:uaincoie if ! > 0. Since the vectors of innuts
not directly con ;~:1“a:)1 this theorem would not be very interesting if &\",T“
not for the followsing corollary. Suppose that [chour is the only non-pr ocuced
input, call L the Jector of direct Mouu councxents and define L =N L

If L™ has some negative components, more net output can be obtained
with less total employment by redistributing the work force amongst
processes, with no chanoz in the technological input rmix.

This is a direct application of thé previous theorem to the case of
labour which is a non-produced input of producticon. O



Dofinition

Ve will say that an economy is totally productive if it is not saddied by
any of the previously mentionad unprodug tivites’,

Pronosition |V
An economy is "totally productive” iff NTyo.

The proof of pronositon 1V is trivm once we remember definitions (9)
and (10), and the Tact that both A and Z are seini-positive.l]

Pronosition V

If A" 20and L"20, the vector of prices of production p, the profit rate
rand the wage rate «» which satisfy the equation of prices of production:

B.p=(1+r)(/\np+z«-;.t) (15)

are all semi-positive within the economically meaningful interval 0 < r <R,
- where 1/R is the dominant eigenvalue of A"

Multiplying (15) to the left by N~ and solving for p/i, we get:
P =(1sr)(-r. A )L

It A" is semi—positive, there is a well known theorem, a consecuenc_e
of that of Perron Frobenius, which asserts that the matrix (0 - r. AT
exists and is semi-pesitive within the mter\/? 0<r<n8 Since L™ 0, it is
clear that n/v» must also be sermi-positive within the interval considered.
Moreover, since ‘f”or = 0, the price eaustion (15) becoines p=r. A", with
r= et:{ we see that in this case p is the (semi-positive) dominant eigenvector

=

£ A
01 /'(‘\ .U
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If there are no i nner—unobodmtivitie% in production, there exists a set
of prices {including wages and rates of profit) which assures the reproduction
0

Thisis a mrect extension of Proposition V.0

5” r‘x-} «""U na ly‘\"*‘* H*"x“{\ﬁi"‘i}x;‘l}"\c\

As we showed in the previous section, inner-unpreductivities in technology
rovoke an allocation of resources which is not efriciont for all innuts, W2
incuire, in this szction, into wnich (7 any) societal inachanisms can correct
or at izast reveal the piresence of those innar-unoiroductivities.

in a dasce:,u alized cconainy, individuzl productive agents try to
maximize their orofits using the i nformvition contained in prices. As proved

by Manara (197 ) ther:} are Tive cenditions for the vector of prices p to be
s S B C)\ A J O -1'4'.." P B - s ea Lt p N N _-] YRR
strictly positive”. Non2 ol these conditions liplics, hoviever, that N7 will

be somi-positive. Siace prices. can be pesitive evea if thore arz
inner-unsroductivities in the systern, thoy can hardly function asan indicator
Of their presance. ‘

.7 -the vector of marxist values as defined by Mnmcmrm (1973)- is
another candidate. I the v,.;!ue of all commodities is gowuve (1.7 >0) there
will be no tnner-unproctictivities in the usaue of labour. Dut even in that cese,
nothing can be sald about the usage of raw m:"i:z'-*r‘}el - zmd the operation of
processes, since A and N ! eould su.H have negative clements.

This sheds a different hght on Shm‘mvn s{1977) discussion. Negative
values are not an anninaly that vieziens the Labour Theory of Value (LT\J')' on
thz contrary, they reveal the presence of inner- Ummnuctlvmm in the usage
of lznour: Production m:ces, tha prefit rate and the wage rate ccu?d be

51t 12t a dgifferent level o ab's raction wore
tfwm.ml noracterisiics may have beon distorted

f.__




Na?

ractemsh s of the system: [A, Z, Bl To calculate prices of
oVar, we f}'fso necd distributional varizbles which could

'»'gff.:‘c 1 theee types of inner-unnroduc tivitios,

b TRy Con ['\153 a ;JC!ZJ ;;!: Aor plicoint tielr existonce inbodh the usane of
febour, and v the Tevels of activity. 1T is dou@;tiu? that tm marfet irou‘zd

]
R
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incentive for copitalises to chang > Uulr bohavier. The motet vould be i a

tron and (s atomisniio

The restriction that N”'po comi-positive 1s weaker than the one
@1y ¢ *m Pecron-Fronenius Theerems to guaranteg
that the techaology 1S Andzed I The €oso o shimpie pircduction

aen | N3l Mt A COUH hoie negative elements wnd A7 still ko
' is. in that
siraied in :—391:' fon 1V with a numcrical exaiaple), will o2

noe there are no innzr-unaroductivities. Nuiice,'nuru'ner‘n'm e, ‘L’i

Ve shovin i saction ) vaauss {and

nositive si
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ore intuitive - explanation for the meaning ¢f
ot U3 dorine o ceinposite process os oa hneor

5
onoes, and Ci sracterize it by its vector of

NN

TLTage is
£ oy
i

. i
noooscary) md ol Iy =1

Y2 ghall say that a process p dominates (in labour productivity)
it




Pronosition Vi

The labour vaiue of a commodity is non-positive iff it is possible to
find, within the eco my, at least ong process (original or composite) which
dontinates another (original or Ccomposite).

N

DifLe i‘x:zi a non-positive elernent, then according to (8), it is possible
tofind a dn » Osuchthat dl =0, Ve can cheoose processes pand qto be
Yp=Yq” ¢y with any Vg 2 O, for wnich Vg 2 —ay; thus Yp > 0. Then, since
from (4) we have dv =dn . N

np=3p,N
={y ‘dy}
=ﬂa+dn
2 E'th' v | 0

i) If (15) is fulfilled, then

and -~ dn-= ﬁp Q‘O

lhﬂrefo e, according to (8), L " must have non-positive elements. O
We consider this to be a generalization of Stamatis's (1983) result

since if a process dominates another, their "partial productivities of labhour”
will not be equal in the positive orthon. '

<

F A umericol Hlusirotion

in this s (‘U“ﬂ we illustrate some of the conclusions of the previous two
~gections with th“ nurnerical exercises.

o
1

irst we use one of Steedman's (1977) numarical examples to show



that if a tecmo orry is productive in the usual sense and-labour values aro

negative, this is not be interpreted as an abnormality of the labour value
cale HJUU uu as an indication that there are inner-u \prodt.mvm in tno
svstom, and that hence nere output con be produced with 1ess Tabodr,
A3 presented in hi L:"sv ter i (p 151), we consider “cecimrﬂogy with
the following chara *Let" fics:
A= 15 0| L=11] B=]6 1]
| 010 | {11 13121
so that,
N= | T l
- 13 21

Obviously this system satisfies condition (2):
e.N>0

because
[43]1>[00]

‘The system is viable fo a real wage bundle (v ) equal to:
w=1/2 5/6)
since we can solve for the price vector ( p ) and the profit rate (r):
pl=[1/3 11>[0 0]

r=20% >0

Values on the other hand will equal:

's0 " there appears to be no good reason for not abandoning all reference to



Ly < O indicates that there are inner-unproductivities in the system

undetected by the variables in the price sphere. This diagnosis is confirmaed
by in=pection of il

To show that this production s cheme is not efficiently using labour,
"sunpose that, in a certain period, 6 units of lcabou‘ are employed, S operating
in the first process and 1 operating the JLCOM 1 T oFor

~

Vo = [5.'1]

nO = ‘jN = [8 7] (/QLO‘-I\A

If, on the contrary, S units of labour are used in the £ ..t process and 1 in the {iesr
oo nd, we will have =

vy =01 5]

nyp =[16 11] > ny

N A* and L still have negative elements so we may go to:
yp = [ 0 6]
ﬂ2=[3812]>ﬂ1>ﬂO‘

w‘hy would an economic system use its ressources to produce net output Ry
when it could reorganize them and obtain R, > D7 When the system is in the
state described by v, there are no market forces at work that will move it
towar

i

is 5. The price system does not offer such a mechanism since p > 0, o
>0 and r> 0, g0 that no individual canitalist has an incentive to change its
behavior. _
The social planner who would try to induce the state described by y»

3,

o



may face a problem because the original stocks of raw materials are
inadequate to sustain those production levels. Indeed, Vo requires 25 units of
goed 1 and 10 units of good 2 to get started, while yy requires S units of |
and 50 units of 2, and Yo requires O units of 1 and 60 units of 2. The problem

of "pmportioﬂaﬁ'ty“, as it is known in the literature !9 is outside of the
purview of this paper. We assume that initial stocks are sufficient <nd
exclude a discussion of the trajectory from one scheme to another. Notice,
however, thal 17 &n economy possesses. the required initial stocks, it is
self-sustaining.

i

In the second and third examples, we use a diagonal B matrix (simple
production) because, in that case, the characteristics of the input matrix are
easily understandable. With the second we try to show that if labour values
are negative it is because the tecnological matrix violates some cbviocus
productivity conditions. It has been shown in the literature that a sufficient
condition for a system to be "vizble" ( totally productive and with positive
prices and profit rate) is that the A matrix be semi-positive and that
“condition (2) be fulfilled. We show in the third example that, contrary to
received wisdom, this is not a nocessary condition but that N being
semi-positive is.

Censider a technology described by:

A=160-101], L= 111, B= 169 O]
1 -5 20| |1 | 0 23]

As can easily be checked:



N

If the nominal wage rate is
w.p'=.1010

and
r o= 40%

In this case, prices are positive and so is the rate of profit, but labour
values are negative because the N7 U matrix has nwtwe elements. This
"peinology” ( negative values and Py <0, ifo<re¢ 10! 0) hould be attributed

to a non-productive technology; it can hardly be argued that it shows that
lanour values should be @bandonned in favor of pr oducuon prchs This
evemnie MMustrates the fact that the negative elernents of A ',&,’ and N e CoY
be explained by an ill-specivied technology not by o flaw in the Labour Theoiy
of Value (Lr\/) Tha same should be done in the case of joint production by
caicuiating those same matrices and checking that they do not contain
necaiive elements heiore indicting the LTV,

i
Lest some inatentive reader think that requmng A to be semi-positive

is a POCeS“”F)f cendition for the technology to be viable, we offer the
following example. Let :

A=122 -5, L=]121 B=|'1c3 0 |

P -5 211 | =11 | 19 |
This example is highly suspect since pg th L and A have neqmve elements. It
1, A and L are all positive, so that

can ezsily o2 chacked, hoviever, that M-
the price vector is positive for all values of the profit rate. Indeed,



N = 112 5]
1915 3|

A = P15
| 5 2|

L = B
|3

0¢r ¢ .15326

R Py ¢ 1.9428

Y Conclusions

In this paper, we have offered a measure of productivity for the case of joint
production. Authors have traditionally required the vector of sectorial net
outnuts to be semi-positive. We have required that restriction to apply to the
“inverse of the matrix of net outputs instead; that conditien is sufficient to
guarantee that the technology is productive.

We have shown that prices of prodguction cannot function as a signaling
device for the existence or such inner-unproductivities because they mix
technological and distributional parameters. Labour values, on the other hand,
detect two of the three types of inafficiencies. We concluded, contrary to
Steedman (1977), that vailue calculations are much more useful than price
calculations since they can detect a rnispecifications of the technological
matrix which the latter cannot. hﬂnce, we argued it is incorrect to interpret
the negativity of labour values as an indictment of the Labour Theory of Value
vihen it is one of its Sfrﬁngtns



Fooinotes.

We use bold characters to denote vectors, upper case letters for
matrices and lower case letters for scalars. Indexed letters will

represent the elements of that array.

Cbvicusly y 2 0.

‘We use quotation marks around productiveness because we will

define that notion carefully latter on.

it N7 did not exist, some levels of net output would not be
obtainable. For those that could be obtained, there would be an-
infinite number of y's that would produce them.

Negative elements of dn indicate that less of that net output is
desired. '

Nl = dA = da¥ = 77 = 0 because we assume the technological
possibility set to be given and invariant.

ence we have the following relationships:

-

[f there are negative -

There will be inner-unproductivities in

etements in: Means of Procuction Mon-Produced Processes
innut
A* Yes - | 7 . Yes
77 ? Yes Yes
A and 77 Yes Yes Yes
S ? ? Yes




i-Positive INMER-UNPRODUCTIVITIES IN

- ATTEY Means of Production Non-Produced  Processes
Inout
- No K | 7
z 7 Mo ?
A and 2" No No ?
. No No No

(8) See Pasinetti (1977), Theorem 5A p.276.

(8)  SeeManara in Pasinetti (1 CJuO) Let us cite them briefly:

-2.N>0 equation 1.13
-There exists a positive pf such that N.p' » 0 cquation 1.14
=det[N]=0 : - equation 1.25
-if rising, L isin V'(r) equation 135

-There exists a r'>0 such that det[ B-A(1+r") ]=0 cquation 1.51

forris-the system 5 pro» it rate, and ) the interval where:
._-'-\o
-det B - A(1+1)] =
-neither tYr), nor { (r) are empty
t4(r) is the set o non-negative column vectors belonging to X
(X={xl:» 0]), and such that, for every vector i of 1{r) the
following relationship holds:

[B-A(l+r) 120
Similarly, £(r) is the set of non nem‘uve vectors belonging to P

(P={yly> 0} ), and such that, for every vector y of ©{r) the
following relationship holds:

yIB-A(1+r) 120

(10) No process of reproduction can occur if one of the prices of



productioh is not positiva.
(11) The original ones are characterized by the triad [ A, L, B |.

(12)  Which is to say:
’ Ay > Ny for all kK, and the unequality holds

strictly for, at least one k.
(13) See Steedman (1977), p.162.
(14y See Stezdman (1977), p. ?52.
(.15) See Bhaduri and Robinson (1980) .

(16) This proposition can easily be shown to be true but its proof is
excluded Tor the sake of brevity.
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